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Proof of Lemma 2 Suppose A = 0 < z, > Z(wg,v_) for k = 1,2. Then
xy > Z(x_y) which means that Or/0x; = 0 is a necessary condition for equilibrium.
Note that 0m/0z, < 0 is also a necessary condition for equilibrium. Without loss
of generality, consider x; < x5, which implies that 0Z(z2,21)/0xr1 = 0. Then,
o )0z = a(D — 2xy — 13) — ¢ and 1 /02 = ad” (D — 2z, — x5 — ¢) = 67 (O /Oy +
¢(1 —a)) > 0, which is a contradiction. B

Proof of Lemma 3 We consider in turn each of the three possible alternative pure
strategy equilibrium to Delay, Incremental Cournot, Commit-delay, and Commit-
incremental. 1) Both firms invest ;7 = x5 = z. Then z;, = Z(zx) and there is
no ex post investment (Lemma 1), which is not possible in a pure strategy SPE
(Lemma 2). 2) Both firms commit, x1, z5 > Z, and hence x; > Z(z3). This cannot
be a SPE as an investment z; = Z(x2) yields strictly higher profits whether or not
there is demand. 3) Recall that in an Incremental Cournot equilibrium the firms
make the same ex ante investment. Thus, the third alternative is that xq, o < 2
but z; # 5. However, with linear demand and symmetric costs, there is only a
symmetric solution to the first-order conditions m(zg,x_x) =0 for k=1,2. W
Proof of Lemma A3 A Commit-delay equilibrium exists iff 71(0,z14) < 0 and
7(2rq,0) > max,<;m(x,0). A Commit-incremental equilibrium exists iff zp > 0
and m(zp, xp) > max,<s; 7(z,xr). We have m1(0,214) <0< 2p <05 a < ag.

i) Suppose T € [0,T]. Let N(T) = a4 — apc. Since N(T) > 0 and N'(T) < 0,
agi < apc. We have a > ap < m1(0,0) < 0 = max,<;7(z,0) = 7(0,0). Further,
a > apc < 7(2r4,0) > 7(0,0). Since apc > ap for T < T (see proof of Lemma A1),
a Commit-delay equilibrium exists iff apc < a < ag4;. Let &; = argmax,<; 7(x, zp)
and let M;(a) = 7(xp;,xr) — 7(Z;, xr). Note that a > ag; = ; > 0. A Commit-
incremental equilibrium exists iff a > a4; and M;(a) > 0. Since M;(a) is a quadratic
function of a with M;(0) < 0 and M;(1) > 1 and M;(ag;) = 7(xL4,0) — w(0,0) > 0,

a Commit-incremental equilibrium exists iff a > agy;.



ii) and iii) Suppose T' > T'. Let #; = arg max,<> 7(z,0) and My(a) = 7(x14,0) —
7(24,0). As with M;(a), we have My(a) a quadratic function of a with My(0) < 0
and My(1) > 1. Since M;(aq;) = Mgy(ag;) there exists a unique ac € (0,1) such that
a Commitment equilibrium exists iff a > ac. Moreover, My(ag) =0 at T = T>T
and ag < ac for T > T. Hence the Commit-delay equilibrium does not exist for
T > T. Since x 1 > zr and ex ante investments are strategic substitutes, M;(a;) > 0
and My(a;) > 0 and hence a; > ac. Finally, note that ac > apc and that for T > T
we have apc > ap and hence ac > ap.

Proof of Proposition 5 i) Consider a Commit-delay equilibrium. The result on
market shares follows from 0z4/0T = — (Iné) (-al¥’c ) and the fact that the
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followers ex post investment is falling in x74. Given this, O7(0,x.4)/0T < 0. We
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now show that Om(zrq,0)/0T > 0, which is sufficient for the difference in expected

(D(2-X)—c(2-a\))”
Y . Then

On(v14,0)/ON = —1 (2D — DX — 2¢ + cha) (2D—DA—4ac+cha+2¢)/(a (2 — N)?) <
0 since x4 > 0 = 2Da — Da)X —2c+cha > 0. Since ON/T < 0, this establishes that
on(xrq,0)/0T > 0.

profits to be increasing. Let A = §7 so that m(zp4,0) =

ii) Consider a Commit-incremental equilibrium. We have dzr;/0T < 0 and
Oz /0T > 0 (to see the latter note that z is a linear function of ¢ and 0xp /0T > 0
for c = 0 and ¢ = D while ¢ € (0, D) by assumption). This established that the
market shares in both periods II and III are getting more similar as 7" increases. In
addition, it follows that Om(xp;, xr)/0T < 0. We now show that On(zp, zr;)/0T >0
for a sufficiently close to 1, which is sufficient for the difference in expected prof-
its to be decreasing in T. Let A\ = ¢ and let f(a) = On(2xp,xr;)/ON. Then
f(1)=-1(D-¢*@2-))/(B-)\°<0. Further f(1) = -1 (D—¢c)(D+¢) (2 -

N/ (B=N?<0and f'(a) = 02% > 0 and hence there exists some a < 1

such that On(zp,z1)/0N <0 < On(zp,xr)/0T > 0 iff a > a.
iii) We have dag/0T = 2(In8) (3/67 —2) (D/c—1)/ (3—67)" <0.m

Proof of Proposition 6 i) In a Delay equilibrium a < ap and hence z; +z5 = z* =

0. In a Incremental Cournot equilibrium a > ap and hence x1 + x5 = 22 = %x* In



both equililbria z; + 2o = 2z = 2z*. ii) Let Og(a) = 14 — 2* and O;(a) = z1; — z™.
Note that both Oy4(a) = 0 and O;(a) = 0 have the unique solution a = ag. As
O4(1) = —4(D—¢) <0 and 0;(1) = =2 (D—¢) (2-6")/(3—6") < 0, we have
xr +xp = xrg > x¥ for a < ag;, which is when a Commit-delay equilibrium exists,
and conversely we have xy; + xp = x1; + o < z* for a > ag;, which is when a
Commit-incremental equilibrium exists. H
Proof of Proposition 7 i) Denote the social welfare in a Delay equilibrium by
Wp =W (0,25) = 5z256" (D —ac)” . By inspection, 0Wp /0T < 0, 0Wp/da < 0,
OWp/de < 0, 8WD/8(5 > 0 and OWp/OD > 0. Suppose a > ap, and denote the
social welfare in an Incremental Cournot equilibrium by W; = W (2z,22) = §W (2*
,2*). By inspection oW /0T < 0, OW;/da < 0, and OW;/OD > 0. We have
OW;/0c = — —i— C% which is decreasing in a. As OW;/0c = —D + ¢ < 0
at a = ap the limit value of a for which the equilibrium exists, 9W;/dc < 0.
Denote the social welfare in an Commit-incremental equilibrium by Wg;, =
W(xp + zp,on + Z(x)) = m ((D _ )2 (8735T)§4;5T) b3S (- a)Q).
(3-57) (1-6T)
By inspection, 0W¢;/0a < 0 and OW¢; /0D > 0. We have OW¢; /0T < 0 since for

f) = % we have f'(\) = 2(2 — A)/(3 — A\)® > 0. Finally, 9W¢;/0c < 0

because both ex ante investment and ex post investment are falling in ¢ and both
are less than the first best levels (Proposition 6, part (ii)).

Let W = W(xLg, x4 + Z(x1q4)) denote welfare in a Commit-delay equilibrium.
We will use the fact that W is a quadratic function of c. A Commit-delay equilibrium
exists for a € [apc,aq). Note that a < ag < ¢ > ¢ = D% We have
OW /e < 0 since W /e < 0 for ¢ € {0, D} and OW?2/9%c > 0. We have OW /0D > 0
since 9W/OD > 0 for ¢ € {0,D} and 22= aD > 0 for ¢ = ¢;. We have 0W/da < 0
since W /0D > 0 for ¢ € {c;, D} and gg <0 forc=c. Let A =6". We have
OW/OX > 0 since OW/OX > 0 for ¢ € {0, D,cy} where ¢, is defined by 2 acaa = 0.

Hence OW/OT < 0.

ii) We first compare welfare under Incremental Cournot to Commit-incremental.

We have that Wg; > W because 2z < xp; + Z(xp;) < 22" and 2x; < zp; + xp < z*



with the last inequality following from Proposition 6 part (ii). We now compare
welfare under Incremental Cournot to Commit-delay. Let S(a) = (Weq — Wr)288a.
Note that S(a) is quadratic in a and that a necessary for Commit-delay and In-
cremental Cournot to both exist is a € [ap,aq]. S(ap) = (176 + 356*" — 14067)
(D —¢)* /(2= 6T)67) > 0, S(au) = 4 (5667 + 44 — 206°T) (D — ¢)” /(67 (3 - 67)%) >
0 and S'(ag;) = —4c (44 —316") (D — ¢)/(3 — ") < 0. Hence, S(a) > 0 for
a € lap,aq]. Finally, we compare Delay and Commit-delay, which occurs when
a = apc and T € [0,T]. There is no global ranking as Wy — Wp > 0 for T = 0
and Wey —Wp <0forT=T.1

Proof of Proposition 8 i) In a Delay equilibrium we have R = 1 for all parameters.
One can establish the comparative statics results from the following expressions. In

Incremental Cournot,

a(l —a)
(1=6")D/c— (1 —ad" — a+a?)

in Commit-incremental,

_ _ 2 _ _ -1
R:(1+2(4 9)(1—g) 4+ag°—3ag 29)

ca(l-a)3—-g) a(l-a)B-y)

and in Commit-delay

(2=6"D/c+ (2+aé" —4a))a
- (4+20-6"2+a))Djc+a(2+6"(a+2)) —4(1 + a?)

OR __ (172a)c<ch)

ii) In an Incremental Cournot equilibrium limp_, ., S = (D—cracll ))2 which is

increasing in a for a < 1/2.
iii) For Delay R = 1 and for Commit-delay R < 1. R is increasing in y; + y2 and
decreasing in x; + 5. Hence, to show that R is higher in an Incremental Cournot

than in a Commitment equilibrium it is sufficient to show that x; + x5 is lower and



Y1 + yo is higher. The difference in period I investment is

(1—6") (D —ac) +2¢(1 —a)
6a (3—06") (1-6")

2$1—£I?Li—£UF:—6T <0

and the difference in period II investment is

c(1—a)
20z —x7) — (Z(xp;) —xp) = ———=— > 0.
(z2 =) — (Z(21i) — vF) 6(1—6")a
Now suppose that ac < a < min{ar,ag} so that there is both an Incremental
Cournot and a Commit-delay equilibria exist. Note that the difference in period I

investment 2x; — x4 is decreasing in a while the difference in period II investment

2(z — xy) — Z(xpa) is increasing in a. Hence, it is sufficient to show the result for

a = Gg;:
D — ac)6T
(2.1'[ - xPL)'a:adi - _% <0
D —ac) (2 —6"
[ |

Proof of Proposition 9 i) If ex post investment is not possible, firm profits are
given by 7(zx,x_) = arg(D — xx — x_) — xRc and social welfare is given by
W(z) = au(z) — cz. Let #* = argmax, W(z). The unique Nash equilibrium
investments are r; = 2o = */3. If @ > ap we have @* = (D — c)/a . The
value of the option to wait to society is then V5 = W (0,22) — W (24*/3) and the
value to firms is V¥ = n(zr,z;) — 7(2*/3,4*/3). If a < ap we have * = 0 and
hence W (i*) = 7(i*/3,4*/3) = 0. The option values are then V% = W (0,2%) and
VE = 7(0,0). The results in the proposition follow. B

Proof of Proposition 10 i) We have that in Incremental Cournot:

2(1—a)
(D/c+ 2a)(1 —6T)
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in Commit-incremental:

= (3—5T) (1 —a)
((2 — 6T) D/c—|— 1+a(3- (ST)) (1 — 6T)7

in Commit-delay:
4a(2 — 67)
(2—6")D/c+ 2+ 4a — 3ad"

The comparative statics follow. ii) Like R, A is increasing in y; + y, and decreasing

in z; + x2. Hence, the proof is the same as in Proposition 8 part iii). B



