JOURNAL OF
;@ Mathematical
ECONOMICS

www.elsevier.com/locate/jmateco

ELSEVIER Journal of Mathematical Economics 38 (2002) 293-

Information, measurability, and
continuous behavior
Timothy Van Zandt

INSEAD, Boulevard de Constance, 77305 Fontainebleau, France

Received 6 July 2000; received in revised form 5 June 2002

Abstract

The stability of optimal plans with respect to information is studied given the representation of
information as suler-fields of a probability space. A decision maker is constrained to choose a plan
measurable with respect to her information. Continuity is derived by characterizing the continuity
of the measurability constraint correspondence and then applying a generalized maximum theorem.
This approach can be simpler and require fewer assumptions than an approach based on continuity
of conditional expectations.
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1. Introduction

In many economic models with uncertainty, the information structure is an endogenous
variable or an exogenous parameter. When the set of information structures is infinite,
one may need a topology on information with respect to which an agent’s state-dependent
choices and payoffs depend continuously on her information. This paper studies continuity
with respect to information when information is represented byesiields of a probability
space. It builds on a literature initiated Aifen (1983) who was the first to apply topologies
on sube -fields to economics, using a metric introducedBxyylan (1971) Cotter (1986,
1987)showed that suitable continuity properties could be obtained with a weaker topology,
called the pointwise convergence topology, &tihchcombe (1990Jerived further results
about both topologies.
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There are two ways we can view information and how it affects behavior. lextpest
or Bayesian view, an agent chooses an actafter observing her information and updating
her belief. Information affects state-dependent actions through posteriors.enahie or
measurability view, an agent formulates a plan of what action to take in each lstfdee
observing her information, subject to the constraint that the plan be measurable with respect
to her information. Information affects actions through this measurability constraint. There
are well-known conditions (reviewed Bection 8 under which these two viewpoints are
equivalent, in the sense that an agent’s state-dependent choices are the same whether they
solve the ex ante constrained maximization problem or solve state-by-state the ex post
maximization problem given updated beliefs.

However, the two viewpoints suggest different mathematical methods for characterizing
continuity of behavior with respect to information. The methods usedlBn (1983),

Cotter (1986, 1987and Stinchcombe (1990are based on the ex post view. Consider
first Stinchcombe (1990Wwho imposed assumptions on the probability space such that
state-dependent posteriors (regular conditional probabilities-Asie€1972, Section 6.%)

given a subs-field are well defined. He showed that the mapping from information to
state-dependent posteriors is continuous under suitable topologies. The mapping from pos-
teriors to actions is also continuous, and hence the composition of these two mappings—
which takes information to state-dependent actions—is continuous. When state-dependent
posteriors are not well defined, one can use the methédlef (1983)andCotter (1986,

1987) who showed that the mapping from information to conditional expected utility is
continuous and then used the fact that the mapping from utility to actions is contihuous.

The ex ante viewpoint suggests instead that we derive continuity in the way one derives
continuity of consumer demand with respect to prices—by application of the maximum
theorem. This theorem provides conditions for the continuity of solutions to a constrained
maximization problem with respect to exogenous parameters that affect the constraint. The
purpose of this paper is to develop this method for the pointwise convergence topology
introduced byCotter (1986)Because the set of plans lies in an infinite-dimensional vector
space, we use the generalized two-topology maximum theorétorisiey et al. (1998a)

The main step in this paper is to show that the measurability constraint correspondence is
lower hemicontinuous and closed in suitable topologies.

This ex ante method has several practical advantages over the ex post method. First, it
can be simpler and more direct to apply in abstract models, in which decision problems are
often framed from an ex ante viewpoint (particularly when agents must choose information
in a first stage). An example of this simplicity is in a proof @gtter (1994 }that the set of
type-correlated equilibria (an extension of correlated equilibria to Bayesian games) depends
upper hemicontinuously on information. Second, it does not require additive separability of
preferences. Third, it can be applied in contracting problems in which the ex post viewpoint
is not valid because feasible choices in one state depend on choices made in other states.
At a purely mathematical level, developing this method links the topological proximity of
information and the proximity of the sets of measurable functions. Furthermore, it provides
an example of maximum theorem arguments in a case where the parameter and choice

1 SeeVvan Zandt (1989, Chapter 19r a more precise overview of this work and comparison with the current
paper.
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spaces are complex. The one disadvantage of the method is that continuity is with respect to
the weak topology on plans, whereas the results using the ex post method are with respect to
theL1-norm. However, in practice such a weak topology is needed anyway for compactness.
A related exercise appears Vfan Zandt (1993)but compared to the current paper it
has fewer applications in economics. That paper considered the Boylan metric on informa-
tion studied byAllen (1983) whose topology is stronger than the pointwise convergence
topology and has been used to study rates of convergence of martingalesandt (1993)
showed that, for the topology of convergence in measure on measurable functions and the
associated Hausdorff metric on subsets of measurable functions, the distance between two
o -fields is directly related to the distance between their respective sets of measurable func-
tions. From this result, continuity of the value of information in the metric follows under
very general assumptions, but there are no results on the continuity of state-dependent plans
with respect to information.

2. Uncertainty, information, and the decision problem
An overview of the exercise is followed by details on the notation and terminology.
2.1. Overview

An agent faces a static decision problem in which uncertainty is represented by a prob-
ability space($2, X, u). The agent observes information represented by asstibld F
of X; we emphasize that this is an ex ante representation of information and so it denotes
not what an agent has observed but rather what an agent would observe in each state. After
observing the realization of her information, the agent chooses an action in a non-empty,
convex, and compact sét ¢ R”. Before observing her information, she formulates a
state-contingent playi: 2 — X. In order to be informationally feasible, this plan must be
measurable with respect § meaning thayf ~1(B) e Ffor each Borel subset of X. The
agent may face additional economic constraints that depend on a paranietersetP;
we denote by3(p) the set of plans that are economically feasible when the measurability
constraint is not taken into account. The agent’s preferences over plans are given by the
complete preorder,. Her decision problem can thus be written

max = subjecttof € B(p), f isF-measurable (1)
fiR2-X
We letyr be the solution correspondence, which maps parametarsl informationF to

the set of solutions to this decision problem. The purpose of this paper is to characterize
the continuity ofy.

2.2. Equivalence classes of plans
We referred to a plan as a measurable function ft@mX') into X, whereX is endowed

with its Borelo -field. Our formal definition of @lanis an element of the s&tof equivalence
classes of such measurable functions, modulo being equal almost everywhere. Thus, we
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implicitly assume that the agent is indifferent between plans that are equal a.e., so we can
define preferences directly on equivalence classes of plans.

2.3. Equivalence classes of information

We referred to information as a subfield of . In our formal definition, we also group
information into equivalence classes such that the agent is indifferent between pieces of
information in the same class. Specifically, we say that two «stfilelds F and G are
equivalent if: (a) for every F € F, there isG € G such that the symmetric difference
(F\ G)U (G \ F)isnull; and (b) vice versa (for every € G, thereis...). If Fandg
are equivalent, then for everfj-measurable plaif there is aG-measurable plag that is
equal tof a.e., and vice versa/gn Zandt, 1989, Chapter 1, Lemma A)lthis implies
that the set off-measurable plans and the setdsfmeasurable plans correspond to the
same equivalence classesin It follows also (or seeRoylan, 1971, Theorem)2hat,
if Fandg are equivalent, thei®[ f|F] = E[f|G] a.e. for any integrable function or
plan f. We letF denote the set of equivalence classes and défiivemation to be an
element ofF.

2.4. Comments on the representation of information

Our representation of information is the standard one in statistical decision theory. Itis a
generalization to infinite state spaces of the representation of information as partitions, and
it is a generalization of the representation of information as random variables. Specifically,
the observation of a random varialgles2 — R yields the information

o(g) = {g *(B)|BisaBorel subset dR},

in the sense that a plaft 2 — X iso (g)-measurable if and only if there is a Borel-measu-
rable decision ruléi: R — X such thatf = h o g (Van Zandt, 1989, Lemma A)7
Furthermore, expectations conditional on a random object are equivalent to expectations
conditional on the sub-field generated by the random objéash, 1972, Comment 6.4.4)
Subo-fields are only slightly more general than random variables. For exampie|sf
generated by a countable field—as is the set of Borel subsets of a separable metric space—
then every sule=-field is equivalent to one generated by a random variéBfimchcombe,

1990, Lemma 3.2.2)The real advantage to treating abstract information asstiblds is
parsimony: two random variables that are not equal a.e. may generate the sasmBeddb-

(and thus the same information), while for each two non-equivalentsfiblds, there is

an equivalence class of plans that is measurable with respect to one but not the other.

2.5. Formal definition of the decision problem

We can now define the components of the decision problefgir{1) more precisely:

2 The existence of a probability measuréor which this indifference holds is the only sense in which the agent
is required to act probabilistically. H is replaced by any other probability measure with the same null sets, then
the topology we define on information will be the same, as will the topologies on plans.
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the economic constraint correspondencg:i® — X;
the measurability constraint correspondertef — X is defined by

M(F) ={f € X|f isF-measurablg
e the overall constraint correspondenteP x § — X is defined by

o(p, F) =B(p) NM(F);

the solution correspondenge P x § — X is defined by

v(ip. F)={feodp.P)If Zg Vgeolp,F)}

3. Continuity of correspondences and of preferences

Since terminology varies in the literature, we state here our definitions of hemicontinuity
and closedness of correspondences.

Definition 1. LetY andZ be topological spaces. A correspondencel — Z is:

1. lower hemicontinuousif, for each operUV C Z, {y € Y|¢(y) N U # @} is open,;

2. upper hemicontinuousiif, for each operV C Z, {y € Y|¢(y) C U} is open;

3. continuousiif it is both lower and upper hemicontinuous;

4. closedifthe graph oft, Gr(¢) = {(y, z) € Y x Z|z € ¢(y)}, isaclosed subset &f x Z.

We will refer to the following basic properties (see &grin and Thompson, 1984

1. Afunction is continuous if and only if it is continuous as a correspondence.
2. The composition of two lower (resp., upper) hemicontinuous correspondences is lower
(resp., upper) hemicontinuous.

We use also the following result.

Lemmal. LetY;, Y2, and Z betopological spaces. Supposethat thefunctionh: Y1 x Yo —
Z is continuous. Then the correspondence yo— (Y1, y2) islower hemicontinuous.

Proof. Let U C Z be open. Observe théto € Y2|¢(y2) NU # @} = Projyz(h‘l(U)).
Since is continuous~1(U) is open. The projection map is open, and hence Proj
(h~1(U)) is open. O

The following definition of semicontinuity of a preference preorder is standard.

Definition 2. Let Z be a topological space and fetbe a complete preorder ¢h We say
that- is lower (resp.,upper) semicontinuous if the weakly-worse-than s¢t’ € Z|z = 7/}

(resp., weakly-better-than sgf € Z|z' = z}) is closed for allz € Z. We say that is

continuous if it is both lower and upper semicontinuous.
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4, Applying a maximum theorem

In this section, we outline how to characterize continuityjolby applying a maximum
theorem and then we discuss associated topological issues.

We assume thak is endowed with a Hausdorff topology that remains fixed throughout
this paper. IrSection 5we define a topology ofi that also remains fixed; for now, we take
as given thag is a topological space. The crucial topologies under discussion in this section
are onX. We need two: the stronger ogas that of theL1-norm|| - ||1; the weaker on&V
is the weak topology (L1(R™), Lo (R™)).2 Whenever we state a condition that depends
on the topology oft, we will preface it byWV or S, meaning that the condition holds when
X has the indicated topology and alBoand§ have their respective topologies.

The topologyWV has a basis consisting of all sets of the form

{f/e%H/gi(f’—f) < €, Vi:l,...,n},

where f € X, n is a positive integer, and (far=1,...,n) gi € Loo(R™) ande; > O.
BecauseX is convex and compack, is YW-compact.

The conventional maximum theorgiBerge, 1963, pp. 115-116)ates that iy is lower
hemicontinuous and has a closed graph afidig continuous, therr has a closed graph.
For this result to be useful (for example, in order to ensure that closedngssngblies
upper hemicontinuity and in order to apply a fixed-point theorem in an equilibrium model),
X should be endowed with a compact topology or at least with a topology such that each
p € P has aneighborhood on which the ranggdfas a compact closure. For this purpose,
the suitable topology i8V becauseX is W-compact ifX is bounded.

However, to assume that is WW-continuous is too restrictive. The weakest topology
generally considered appropriate for continuitypis S. For example, additively separable
preferences ar§-continuous but no¥V-continuous if($2, X, 1) is non-atomic.

Lemma2. Letv: X x £2 — R have the following properties:

1. forall x € X, v(x,): 2 — R ismeasurable;
2. forae w e 2, v(-, w): X — Riscontinuous;
3. thefunction w > max.cx|v(x, w)| isintegrable.

Then the mapping V: X — R, defined by

V() = /Q o(f (@), @) du(@),

is S-continuous. If (£2, X, u) isnon-atomic, if Xisnot a singleton, and if v(-, w): X - R
is strictly concave a.e., then V is not WW-continuous.

3 We defined these topologies treatiigis a subset af1 (R™) and using the dual systeffi; (R™), Lo, (R™)).
Because is compact, they have equivalent definitions based on the dual syste®R™), L1(R™)). The topology
S coincides or with the Mackey topology (L (R™), L1(R™)) and also with the topology of convergence in
measure—seklu and Papageorgiou (2000, VI.4d%)Van Zandt (2000for a complete proof. The topology
coincides onX with the weak topology o (L (R™), L1(R™))—the weakK topology is clearly stronger; they
coincide because a compact Hausdorff topology and a weaker Hausdorff topology must be the same.
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Proof. The result onS-continuity is inVan Zandt (1989, Lemma 3.3Jhe result on lack
of W-continuity is inBewley (1972, p. 539) O

There is thus a tension between the need for a weak topologytorensure compact-
ness and a strong topology to ensure continuity of preferences. To resolve this tension,
we resort to the maximum theorem horsley et al. (1998a)which makes use of two
unrelated topologie%; and7; on X. The assumptions of lower semicontinuity of prefer-
ences and lower hemicontinuity ¢fare stated with respect f@, and then the assump-
tions of upper semicontinuity of preferences and closednegsasé stated with respect
to 72. The conclusion is that the solution correspondesickas a closed graph for the
topology7>.

For the reasons just stated, we wdpto be a compact topology and we let it ¢ It
is acceptable to assume thgis W-upper semicontinuous because a convexgiatbsed
setis alsd/V-closed; hencey is W-upper semicontinuous if it iS-continuous and convex.
We then let7; be the topologys. With this assignment of topologies, we have the following
analog ofHorsley et al. (1998a, Corollary 8)

Lemma 3. Assume that ¢ is S-lower hemicontinuous and WW-closed and that it has non-
empty and W-compact values. Assume - is S-lower semicontinuous and W-upper semi-
continuous. Then v is W-closed and has non-empty and J/-compact val ues.

5. Continuity of the measurability constraint

In order to apply this two-topology maximum theorem, we must define a topology on
information and show that the measurability constraihts S-lower hemicontinuous and
W-closed.

We begin with some preliminaries and abasic resultA[gt]: X x§ — X be the function
defined by(f, F) — E[f|F]. Note that this is well defined because: f&)c Li(R™);
and (b) sinceX is convex,E[ f|F] € X for f € X andF € §. We make frequent use of the
following fact: for f € L1(R™) andF € §, f is F-measurable if and only if = E[ f|F]

a.e.

Proposition 1. Suppose § and X are endowed with topologies such that E[-|-] is jointly
continuous. Then M is lower hemicontinuous. If also the topology on X is Hausdorff, then
M isclosed.

Proof. Assume that[-|-] is jointly continuous.

Let F € §. Because a functioff € X is F-measurable if and only [ f|F] = f a.e.,
M(F) is the image oft underE[-|F]. Thatis,M(F) = E[X|F]. According toLemma
1, M is lower hemicontinuous iE[-|-] is continuous.

Furthermore, GiM) = {(F, f)|E[f|F] = fae.}. This is the inverse image of the
diagonal inX x X under the magZ, f) — (E[f|F], f), which is continuous as the
product of the continuous mag$, f) — E[f|F]and(F, f) — f.Ifthe topology on¥
is Hausdorff, then the diagonal &f x X is closed and hence G¥) is closed. O
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To make use of this proposition, we should define a topology suach that, at the very
least,F — E[f|F]is S-continuous for eaclf € X. We use the weakest topology such that
the mappingF — E[ f|F]from Fto Lj is continuous in thé.1-norm for eachf € L1(R).
This topology, called the pointwise convergence topology and denotBaMags introduced
and characterized bgotter (1986, 1987)seeStinchcombe (19904ndVan Zandt (1989,
Chap. 1)or further equivalent definitions. The topolo@has a basis consisting of all sets
of the form

{G eSINELAIF] - E[fil9lll1 <&, Vi=1....n}

whereF € §, n is a positive integer, and (for=1,...,n) f; € L1(R™) ande; > 0. For
the rest of this papeg is endowed withP.*

ThenF — E[f|F]is S-continuous and hendd/-continuous (sincéV is weaker than
S) for each f € X. Furthermore, for eaclF € §, the expectations operatiafi[-|F],
defined byf — E[f|F], is a norm-continuous linear operator fram(R™) to L1(R™);
and hence it is also continuous in the weak topologyLe@®™) (Dunford and Schwartz,
1958, Theorem V.3.15)Joint continuity ofE[-|-] for the topologyS was established by
Cotter (1986) We now show thak[-|-] is jointly continuous in the topologyV.

The proof makes use of the following fact.

Lemma4. Letp,g € [1,00] satisfyl/p+1/g =1.For f e L,(R™), g € L,(R™), and
Feg, [gElfIF] = [ ElgIF]f.

Proof. Forp = ¢ = 2, this result says that the expectations operator is self-adjoint, which
holds since it is the orthogonal projection on the subspac&-ofeasurable functions.
More generally, recall the following basic property of conditional expectationg:i#f
F-measurable thefigE[ f|F] = [ df (e.g.Neveu, 1965Proposition |-2-12). SincE[g|F]

is F-measurable, it follows that E[g| F]1E[ f|F] = [ E[g|F]f. Reversing the roles of
andg, we have/ E[f|F]E[g|F] = [ E[f|F]g. Hence,[ gE[ f|F] = [ E[g|F]f. O

Proposition 2. Theexpectationsoperator { f, F) — E[ f|F]isjointly W-continuousfrom
X x §Finto X.

Proof. Let f € X and letF € §. Recall that a typical basig-neighborhood o] f|F]
in X is

Nz{f/e%H/giE[fIF]—/gif/

< €, Vi:l,...,n},

wheren is a positive integer and (far=1,...,n) g; € Loo(R™) ande¢; > 0. We show
that we can construct¥-neighborhoodVy of f in X and a neighborhoor of Fin §
such thatE[-|-] mapsNy x Nxinto N. Hence,E[-|-] is W-continuous.

4 One drawback of the pointwise convergence topology is that the operation of combining inforr&tign,—
F v G, is not continuougCotter, 1986) However, this operation is uniformly continuous in the Boylan metric
(Allen and Van Zandt, 1992Because the Boylan metric topology is stronger tRathe results of this paper hold
if the Boylan metric topology is substituted f&:
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Letk, g;, ande; be as given in the definition @¥. Then

€j .
<—, Vi=1...,n¢,
2 }

wp={rex| [ etwirs - [ etains

is aW-neighborhood off in X, and

we{feMHMH—mmFM<m;m,W=me}

is a neighborhood aof in §. Let /" € N and letF’' € Nz. Then, foralli =1,...,n
V&ﬂﬂﬂ—/&ﬂfmﬂ=VE@WU—/HMFUZ %)
[wtrm1- [ et
s/E@WV—[E@VUH%/H@ﬂf—/mmﬁnh @)
‘/&ﬂﬂﬂ—/&ﬂfﬁﬂ<%+WHMH—Emvmhwﬁm, )
V&Hﬂﬂ—/&ﬂfﬁﬂ<q 5)

(The first relation(2) is from Lemma 4 the second relatio(8) is the triangle inequality;
the third relation(4) is from the definition ofV ; and the fact that/ ghl < ligll1- Ikl for
g € L1 andh € L; and the fourth relatios) is from the definition ofN£.) Therefore,
using the definition ofv, we haveE[ f'|F'] € N. O

Corollary 1. M is lower hemicontinuous and closed whether X is endowed with S or
with W.

Proof. BothS andW are Hausdorff topologies. AppRropositions 1 and.2 O

Remark 1. Itis the proof ofProposition Zhat uses the assumption thé&is compact.

We now take up continuity of the correspondeg¢hichis the intersection @p, F) —
M(F)and(p, F) — B(p). The intersection of two closed correspondences is closed, and
so we have the following.

Proposition 3. If 8 isS-closed or W-closed, then so is ¢.

However, the intersection of two lower hemicontinuous correspondences is not neces-
sarily lower hemicontinuous. We can still establish lower hemicontinuity a$ long ass
satisfies a condition we call state independence.
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Definition 3. We say thais is state-independent if, for all p € P, all f € 8(p), and all
F e §,we haveE[ f|F] € B(p).

In Section 7we discuss this condition and the consequences of relaxing it.

Proposition 4. Assume that g is state-independent. Then ¢ is lower hemicontinuous for
any topology on X such that 8 islower hemicontinuous and E[-|-] is continuous.

Proof. This proof is related to the proof éfroposition 1 First we show thap (p, F) =
E[B(p)|F]for (p, F) € P x g, as follows. (a) Supposg¢ € ¢(p, F). Thenf € B(p)
and, sincef is F-measurablef = E[f|F]. Hence,f € E[B(p)|F]. (b) Supposef e
E[B(p)|F]. Then there is ary’ € B(p) such thatf = E[f’|F]. Becauses is state-
independentf € B(p). Becausef is F-measurablef € ¢ (p, F).

Assume thap is lower hemicontinuous and th&-|-] is continuous. Hencey is the
composition of p, F) — B(p) x {F} and the functiorE[-]-]. If 8 is lower hemicontinuous
then so is the first correspondence, because the product of two lower hemicontinuous corre-
spondences is lower hemicontinudi@ein and Thompson, 1984, Theorem 7.3.3}he
correspondencef, F) — {E[ f|F]} is continuous because the functifif:|-] is continu-
ous. The composition of lower hemicontinuous correspondences is lower hemicontinuous.
Hence ¢ is lower hemicontinuous. O

Corollary 2. Assume that 8 is state-independent. If 8 is S- or W-lower hemicontinuous,
thensois¢.

6. Continuity of behavior and applications
CombiningLemma 3andPropositions 3 and yields the following theorem.

Theorem 1. Assume that:

1. =~ isS-lower semicontinuous and WW-upper semicontinuous;
2. B isS-lower hemicontinuous and W-closed and has non-empty val ues;
3. B isstate-independent.

Then v is W-closed and has non-empty and WW-compact values.

Proof. According toPropositions 3 and,4 is S-lower semicontinuous and/-closed.
Furthermoreg has non-empty values. Lgte P andF € §; then we have aif € B(p)
by assumption 2 andl[ f|F] € B(p) by assumption 3. SincE[ f|F] is F-measurable, it

follows thatE[ f|F] € ¢ (p, F).
By Lemma 3 v is W-closed and has non-empty avidcompact values. O

Allen (1983)andCotter (1986}3tudied consumer demand under uncertainty as a function
ofinformation and of state-independent prices and wealth, assuming that no state-contingent

5 Note that the product of twapper hemicontinuous correspondences is not necessarily upper hemicontinuous.
Hence, this type of proof cannot be use to showg¢hatupper hemicontinuous without assuming tas compact.
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contracting is possible before observing information. The budget constraint must be satisfied
state-by-state. Applyinglheorem Ito this problem, we can prove the following.

Proposition 5. Assume that 0 € X and that - is S-lower semicontinuous and W-upper
semicontinuous. Assume that the economic constraint correspondenceis 8: R | xR —
X, defined by

B(p,w)={f € X|pf(w) < w forae we 2}.

Then the demand correspondence y: R | x R x § — X isWW-closed and has non-empty
and W-compact values.

Ratherthan proving this proposition directly, we prove instead a more general result for the
class of decision problems in which the economic constraint must be satisfied state-by-state
and is state-independent. ForC X, defineL(A) = {f € X|f(w) € Aforae w € £2}.

Lemma 5. Suppose that there is a correspondence B: P — X suchthat, for p € P,
B(p) = L(B(p)).

1. Ifﬁf islower hemicontinuous, then 8 is S-lower hemicontinuous.
2. If B is closed and has convex values, then 8 is W-closed.
3. If B has closed and convex values, then 8 is state-independent.

Proof. Part 1: During the proof of part & is endowed with the topolog§ without further
qualification.

LetUx C X be open. LeUp = {p € P|B(p) N Ux # @}. We have to show thdip is
open. This is trivial ifUp is empty. Otherwise, lgt € Up. We find a neighborhooty, of
p suchthatv, c Up.

We show below that (a(p) N Ux contains a simple functioff. We can writef =
Y ' 11rx;, whereF; € ¥ and Iy is the indicator function of;. Let e be the diameter
of a ball (in theL1-norm) in Ux centered atf. We also show below that (b) there is a
neighborhoodv,, such that, for alp’ € N, andforalli = 1,...,n, thereis anx! € B(p)
for which [|x] — x;|| < €. Given suchp’ and{x/|i = 1,...,n}, the simple functionf’ =
Y i 11rx/isanelementof(p’) andis within distanceof 1. Therefore f” € B(p)NUx,
from which it follows thatg(p") N Ux # ¥ and thatp’ € U,,. Hence,N, C Up.

Proof of claim (a): Recall thgg(p) = L(ﬁ?(p)). Any subset ofR™ is separable (since
any subset of a second-countable space is second-countable). Furthermore, for the topology
of convergence in measure, the set of simple functions is dense in the set of all measurable
functions into a separable metric space. Therefore, the set of simple functibns(p))
is dense inL(B(p)). Because als&/y is open andL(B(p)) N Ux is non-empty (by the
definition of Up), there exists a simple functiofin L(B(p)) N Ux.

Proof of claim (b): Leti € {1,...,n}. Sincex; € B(p) and sinces is lower hemicon-
tinuous, there is a neighborhoad of p such that, ifp’ € N;, then there exists; € B(p)
for which || x] — x;[| < €. LetN, = (=1 Ni. ThenN, is a neighborhood op with the
required property.
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Part 2: During the proof of part Z is endowed with the topologyV without further
qualification.

Let (p, f) € Gr(B)¢, where “GiB)c" denotes the complement of the graphWe
construct a neighborhood ¢p, f) that does not intersect Gt), implying that Gkg) is
closed. We first claim—and later prove—that there is a hyperplane that strictly separates
f(w) andB(p) with positive probability; that is, there existe R™ anda € R such that
/L{a) € Q|A(w) > a} > 0andzx < a forall x € ,B(p) BecauseX is compact, closedness
of B implies upper hemicontinuity and hence that= {p’ € PIB(p) C {x € X|2X < a}}
is open. Thusp,, is a neighborhood op.

Let F = {w € 2|Z(w) > a}, which has strictly positive measure. Defiiee Lo (R™)
by g(w) = z if w € F andg(w) = 0 otherwise. Thery’ — [ gf’ is a continuous linear
functional onL1(R™), and soNy = {f" € X| [ gf’ > a/u(F)} is a neighborhood of . If
(p', f") € N, x N¢, then[ of’ > a/pu(F), which implies thaju{w € F|z'(w) > a} > 0.
Sincezx > « implies thatx ¢ B(p'), we haveu{w € 2|f'(w) ¢ B(p")} > 0 and hence
¢ LB(p") and(p', f') ¢ Gr(p).

Now we prove the claim. For eache R™ anda € R, let H(z, «) be the hyperplane
{x e R"|zx = «} and letH " (z, @) (resp.,H (z, a)) be the Jopen half-space above (resp.,
below)H(z a). LetH = {H'(z, )|z, a are rational an(ﬁ(p) C H™ (z,a)}. Because
B(p) is convex and compact, any pomt)moutadeﬂ( p) can be separated by a hyperplane
H (z, «) with rational coefficients, and $8(p) C (J . By assumptionf ¢ L(B(p)), and
soufw € 2|f(w) € B(p) > 0}. SinceH is countable, we hav® (z, «) € H such that
plw € 2|f (@) € HM(z,a)} > 0. By the definition ofi, B(p) C H™ (z, ).

Part 3: Letg € PandF € §. Because§(p) is closed and convex, if € L(,é(p)) then
E[fI1F] € LB(p)). O

CombiningLemma 5andTheorem lyields the following corollary.

Corollary 3: Suppose that there is a correspondence ,3: P — X such that, for p € P,
B(p) = L(B(p)). Assume that:

1. 7 is S-lower semicontinuous and YV-upper semicontinuous;
2. B islower hemicontinuous and closed and has non-empty and convex val ues.

Then ¢ is W-closed and has non-empty and WW-compact values.

Since the budget constraifi(p, w) = {x € X|px < w} satisfies the assumptions in
Corollary 3when0 € X and when the domain (ﬁ isR", x Ry, Corollary 3provides
the proof ofProposition 5

The assumption ofi in Lemma 5andCorollary 3has two components. One is that it is
state-independent; the other is that what the agent can do in one state does not depend on
what he can do in other states—that is, there is no ex ante contracting. We now consider an
alternative to this second component.

In contrast toProposition 5 suppose that the agent can insure across states and hence
needs to satisfy her budget constraint only on average, so that this constraint becomes
[po(w) < w. We continue to restrict attention to state-independent prices. This
exercise might be part of an equilibrium model in which agents face individual risks
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and are offered insurance by risk-neutral insurance companies, but the insured parties
choose how much publicly verifiable information to acquire about medical conditions
or about whatever risks affect their state-dependent preferences over the consumption
goods.

Proposition 6. Assume that 0 € X and that - is S-lower semicontinuous and W-upper
semicontinuous. Assume that the economic constraint correspondenceis 8: R | xR —
X, defined by

ﬂ(p,w)E{fe%‘p/gsw}.

Thenthe demand correspondence y: R% | x Ry x§ — X isWW-closed and has non-empty
and W-compact values.

Proof. Itis trivial that 8 has non-empty and convex valuetrsley et al. (1998b3howed
that 8 is S-lower hemicontinuous and/-closed. Since f = [ E[f|F] forany f € X
andF € 3, it follows that 3 is state-independent. O

As a final application, consider a variant Dfieorem 1in which the information is an
endogenous choice. We redefine some of our notation for this purpose only. The preference
orderingz is defined ovef§ x X, reflecting the disutility of acquiring information owing to
the personal time or other resources needed to acquire and understand it. (A similar exercise
would suppose that information is purchased and would put the cost of information in the
budget constraint.) The only exogenous parameter & P. The agent is restricted to a
subsetg* c § of information. The overall constraint correspondencg:i® — §* x X,
defined byp (p) = {(F, f) € §* x X|f € B(p) N M(F)}. The solution correspondence
¥ P — §F* x X mapsp € P to thezz-maximal elements ap(p).

Proposition 7. Assume that:

1. =~ isS-lower semicontinuous and YW-upper semicontinuous;

2. B isS-lower hemicontinuous and W-closed and has non-empty val ues;
3. B isstate-independent;

4. F* is non-empty and compact.

Then v is W-closed and has non-empty and WW-compact values.

Proof. Applying agairHorsley etal. (1998a, Corollary 8ye have to show thgtis S-lower
hemicontinuous anilV-closed and has non-empty values.

That ¢ has non-empty values follows directly from the last three assumptions of the
proposition.

Observe thap (p) is equal to the composition of the correspondepee;, § x S(p) and
the function(F, f)—,(F, E[ f|F]), as follows.

1. Let(F, f) € ¢(p). Then(@)f € B(p)andsoF, f) € ¢1(p),and (b)f is F-measurable
and soga(F, f) = (F, f). Hence(F, f) € {20 ca(p).



306 T. Van Zandt/ Journal of Mathematical Economics 38 (2002) 293-309

2. Conversely, letF, f) € ¢z 0 t1(p). Then there is arf’ € X such that (a)f’ € B(p)
and (b) f = E[f'|F]. Property (a) and state independencegofnply that f € B(p);
property (b) implies thay € M(F). Hence(F, f) € ¢(p).

Sincep is S-lower hemicontinuous, so ig. The functions, is S-continuous as shown in
Cotter (1986)Hence, the composition @f and¢s is S-lower hemicontinuous.

The conditionf € M (F) in the definition ofp can be written ag?, f) € Gr(M). Thus,
Gr(¢) = {(p, F, f) € P x F* x X|{(p, f) € Gr(B) and(F, f) € Gr(M)}. Since G(ﬁ)
and GKM) areWW-closed, so is Gpp).

We have not emphasized game theory applications, but not€ttesr (1994 used the
continuity properties of the measurability constraint to show that the set of type-correlated
equilibria (an extension of correlated equilibria to games of incomplete information) de-
pends upper hemicontinuously on the players’ information.

7. On the state independence of the economic constraint

One interpretation of state independence of the economic consfrainthat it does
not reveal information; another is that information is not necessary in order to satisfy the
constraint. When the economic constraint reveals information—such as in a microeconomic
rational expectations general equilibrium model in which there is no forward contracting
and prices are state-dependent and hence reveal information—the proper approach is to
include such information in the agent’s overall information. There is thus some mapping
fromo: P — Fsuch that (p) is the information revealed by economic parametgthe
measurability constraint is thgtbe (o (p) v F)-measurable (where is the join operator),
and state independence becomes

Vp e P, Vf e Bp), VFeJ:E[flo(p)Vv F]eBp),

preserving the spirit of this condition.

However, there remain obstacles to using the tools in this paper (and in related papers that
use an ex post approach) when the parameteveals information. One needs atopology on
information such that both the mappingnd the combining of informatiof#, G) — Fv§g
are continuous. For concreteness, suppose we want to prove a general equilibrium existence
theorem in a microeconomic rational expectations model with endogenous acquisition of in-
formation. The agent obtains information by observing prices and by acquiring information
directly. The mapping from state-dependent prices to information should be continuous,
but it is well known that this mapping can be discontinuous: two random variables can be
very close to each other (in e.g. thg-norm), yet one is fully revealing because it takes on
a different value in every state and the other reveals no information because it has the same
value in every state. However, within a subclass of noisy random variables continuity can
be shown with respect to the pointwise convergence topologyGeter, 1989, but there
are no such results for the Boylan metric. On the other hand, the combining of information
is continuous in the Boylan metric but not in the pointwise convergence topology.
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8. Comparison with the ex post method

This section sketches some resultiien (1983), Cotter (1986), Stinchcombe (1990)
andHellwig (1996) and it relates their methods to the one in this paper.

Letl be the set of strictly concave continuous functionalsXoendowed with the norm
topology of compact convergence. Let 2 — U be integrable. FotF € §, E[u|F]
denotes the strong conditional expectation for Banach-space valued random objects, as
defined inScalora (1961)the linear operatag — E[u|F]is norm-continuous. The func-
tion v(x, w) = u(w)(x) satisfies the assumptionsloémma 2 hence, if preferences over
plans are represented by the utility functibhif) = [ u(»)(f(»))du(w), then they are
S-continuous and we can apply the results of the previous section.

Allen (1983)andCotter (1986)sed an alternative strategy that takes advantage of the ad-
ditive separability of preferences. Suppose that, ae8mma 5there is a correspondenge
P — X with closed and convex values such thap) = L(B(p)) for p € P.Theny (p, F)
isasingletor f}, wheref is the unique plan such thatw) solves max.s ) E[u|Fl(w)(x)
fora.e.w € 2 (see e.g. Van Zandt, 1989, Proposition 7.1). That is, the behavior is the same
whether (a) the agent commits to a plan that yields the higheahte expected utility
subject to the measurability constraint or (b) the agent observes her information, updates
her beliefs, and then in every state chooses an action that maximizesdost conditional
expected utility. Mathematically, this gives the following definitionjofLetx: P xU — X
be defined byt (p, v) = arg m%eﬁ(p)v(x). Theny (p, F) = x(p, E[u|F]) and hence is
(loosely) the composition oF — E[u|F] and. If B is lower hemicontinuous and closed
and has non-empty and convex values, théaa continuous for the norm topology én
Allen (1983)andCotter (1986showed thaF — E[u|F]is continuous in the& 1-norm on
L1(U) (Allen for a topology that is stronger th@hand Cotter for the topolog®). Hence,
this composition is continuous with respect to irenorm onX—that is, in the topology
S. We may summarize as follows.

Proposition 8. Suppose that:
1. thereisan integrable function u: £2 — U suchthat, for f, g € X

frg & / u(@)(f (@) du(w) = / (@) (g(@)) du(o):

2. tbereisacorrespondenceﬁ: P — X suchthat, for p € P, B(p) = L(B(p));
3. B islower hemicontinuous and closed and has non-empty and convex val ues.

Then ¢ is an S-continuous function.

Stinchcombe (1990btained the same result with a slightly different method. The pos-
teriors did not explicitly appear in the preceding discussion because the mapping from
states to posteriors given a subfield is not always well defined. However, it isff is a
compact separable metric space ané its Borel field. LetM (£2) be the set of probabil-
ity measures o2, endowed with the topology of weak convergence. Redefiteebe a
mapping fromP x M () to X given byx(p, v) = max s, J u(w)(x) dv(w). Definen:
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§ — L(M(£2)) to be the mapping from information to state-dependent posteriors. Then
¥ (p, F)(w) = x(p, n(F)(w)) a.e. TheS-continuity ofy then follows from continuity of

X and continuity ofa when L(M (£2)) is endowed with the topology of convergence in
measure.

Compared toCorollary 3 Proposition 8imposes stronger assumptions—mainly, the
additive separability of preferences. On the other hand, it obtains a stronger conclusion—
continuity of¢ in the topologysS rather tharlV. However, we are not aware of applications
in which it is important to have continuity with respect to the stronger topology.

Adrawback of the ex post approach is that it cannot be applied when there is contracting—
that is, when what is feasible in one state depends on what one intends to do in the other
states. Hence, there is no analodPtoposition 6

Whereas this paper and those just cited concern a static decision problem under uncer-
tainty, Hellwig (1996) (extendingJordan, 197ystudied a discrete-time stochastic control
problem. He used a framework and method that is quite different from the ones discussed
so far in this paper, yet it is based on an ex ante measurability constraint. To compare it with
the one in this paper, | use a static version of his model and | suppress (for simplicity) the
economic parametgr. Some notation used previously in the paper is redefined to play an
analogous but distinct role.

Rather than fixing a probability space and varying information stfields, Hellwig
fixed the sample space of random variables and varied the probability measure on them.
Let X, Y1, andY> be compact separable metric spaces; then X is the action and the
pair (y1, y2) € Y1 x Y> defines the payoff-relevant state of the world. The agent observes
y1 before choosing an action, perhaps with randomization, fkarithat is, a plan maps
Y1 to the setM (X) of probability measures oK. Given a joint distributiont on Yy x Yo,

a plan determines a joint distributionon X x Y1 x Y2.8 The agent’s preferences on

the setM (X x Y3 x Y»2) of such joint distributions are assumed to be continuous with
respect to the topology of weak convergence on the set. For example, the agent’s utility
functionV on M (X x Y1 x Y») is defined bnyXYlez u(x, y1, y2) dv, whereu: X x Yq x

Y> — R is continuous. A joint distributior is induced by a plan if and only if, stated
loosely:

e 1 isthe marginal ob onYy x Yo;
o v({x,y2)|y1) = v(x|y))v(y2|y1) almost surely.

Let M (w) be the elements 0%1 (X x Y1 x Y») that satisfy these constraints. Then the agent’s
problem, givenu, is to chooser € M(u) to maximizeV (v). Lety : MYy x Y2) —»
M(X x Y1 x Y2) be the solution correspondence.

Continuity ofis can now be characterized by applying a one-topology maximum theorem.
EndowM (X x Y1 x Y2) with the topology of weak convergence. Then this space is compact
andV is continuous. Hellwig sought a topology @1 (Y1 x Y2) such thatV is continuous.

He called this the topology of convergence of information, and showed that it is strictly
stronger than the topology of weak convergence. Note that this framework allows not just
the information about the state to vary but also the underlying probability measure on the
state.

6 Hellwig usedA instead ofX, X instead ofY, u instead ofv, andv instead ofi.
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