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1. Introduction. A generalized moment bound is a problem of the following type: Given “moment”
information, in the form E[f;(X)] = ¢;,i = 1,...,n, about a random variable X, what are the “best
possible” upper and/or lower bounds on the expectation of a related quantity, ¢(X), that can be derived
from the available information? We can formulate the problem of finding such optimal upper (and
similarly lower) bounds as an optimization program:

(P) max E[$(X)]
s.t. E[fl(X)] =dq;, ZZO,,TL

where the optimization is taken over all possible distributions of the random variable X in the class P.
This setup is made rigorous in the next section.

This formulation is powerful because of the variety of interpretations that can be given to the random
variable X and the underlying class P, as well as the generality of the objective and constraint functions
¢ and f;. These are not assumed to be continuous or bounded, to allow for “moments” such as P(X > a)
and distributions with unbounded support. The problem (P) provides a general framework for studying a
multitude of moment problems, with applications. For example, moment inequalities are used to provide
robust estimates for financial quantities, such as option and stock prices (see Lo [22], Grundy [I14] or
Bertsimas and Popescu [3]), wealth balance in option hedging (Yamada and Primbs [46]) or value at risk
(El Ghaoui et al. [13]). In the decision sciences literature, Smith [36] explores several areas of application
of moment bounds, including dynamic programming, decision analysis with incomplete information (see
also Willassen [43], LiCalzi [21]) and Bayesian statistics.

The question of feasibility of Problem (P) given standard moment constraints E[X¢] = ¢;, i = 1,...,n,
is the classical moment problem. It has been investigated by probabilists since the nineteenth century,
most notably by Chebyshev [7], Markov [24], Stieltjes [38], Akhiezer and Krein [1], Karlin and Studden
[16]. For collected works on moment problems, see also Shohat and Tamarkin [35], Tong [40], Landau [20]
and references therein. Given the first and second moment of a univariate random variable, Chebyshev’s
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inequality (Chebyshev [7], Markov [24]) gives a bound on the distribution function. A generalization of
this result is due to Bertsimas and Popescu [4] who compute optimal bounds on arbitrary distributions
given any finite number of generalized moments using semidefinite programming.

Moment bounds are used to provide robust, worst case estimates of unknown random quantities.
These estimates, however, can be overly pessimistic. The reason is that moment bounds are achieved by
discrete distributions, which are not always realistic for practical applications. For example, in finance,
Yamada and Primbs [46] observe that their upper and lower moment bounds can be far apart, hence not
providing much valuable information. This is partly due to ignoring additional structural properties of
the underlying stock price distributions. In an inventory control application, Scarf [33] and Gallego [12]
derive worst case order quantities given mean-variance demand information. The resulting bound is very
conservative, as it corresponds to an unrealistic two point distribution of demand.

In contrast to worst case moment based estimates, an alternate approach taken in the literature is to fit
a (functional) parametric distribution to the moment data. For example, unknown financial quantities are
usually modeled as normal or lognormal distributions. In a decision sciences context, Soll and Klayman
[37] provide measures of overconfidence by estimating mean absolute dispersion and other distributional
properties given sample quantiles of a distribution which is known to be continuous and unimodal. To
make the analysis tractable, they fit a beta distribution to the data. This approach, akin to the method
of moments estimators, is ubiquitous in a variety of settings for statistical estimation. Lanckriet et
al. [19] compare general distribution-free moment bounds with traditional approaches based on normal
densities. Their numerical data-classification tests on medical disease data show a significant gap between
the estimates provided by the two methods.

Our results are useful in settings where one needs to provide measurements of random quantities when
incomplete distributional information is available. Instead of assuming a particular distribution type
(normal, lognormal, beta), or solving a pure moment problem, we propose an intermediary approach by
incorporating structural distributional properties into the moment problem.

The contribution of this paper is a general approach for deriving moment bounds that are tight for
some special convex classes of distributions. Our main result (Theorem 3.2) states that for piecewise
polynomial objective and constraint functions ¢ and f;, the optimal bound in Problem (P) can be
efficiently! computed as a semidefinite program (SDP), when the underlying distributions form a convex
class that can be “generated” by an appropriate parametric family (see Assumptions [A, B]). Such classes
include symmetric and/or unimodal distributions, distributions with convex and/or concave densities, and
slope constraints. The tighter bounds for these classes extend the results of Bertsimas and Popescu [4]
for arbitrary distributions.

For example, suppose we want to find the best upper bound on the probability P(X — M > 20)
that a realization of a random variable X, with mean M and variance o2, falls at least 2 standard
deviations above the mean. Furthermore, suppose X is known to be symmetric and unimodal. The
one-sided Chebyshev inequality provides a worst case estimate of 0.20. For a normal random variable
the true value is 0.025, compared to which Chebyshev’s bound is disappointingly weak. However, by
incorporating symmetry and unimodality conditions, but without assuming normality, the tight bound
can be reduced to 0.05, a 75% error improvement over Chebyshev (see [Proposition 7.1). Our numerical
results show even greater improvements for higher order moments.

Univariate moment bounds for unimodal and higher order convexity classes have been previously
investigated in the remarkable monograph of Karlin and Studden [16, Chapter 12], who also provide closed
form solutions for the mean-variance case. Their proof relies on a clever integration by parts argument
which is valid only if the random variables have unbounded support. A similar approach is taken by
Mulholland and Rogers [25], who also characterize the corresponding extremal distributions, thereby
extending ad-hoc results of Mallows [23]. None of these papers, however, provides any computational
approach. The main contribution of our results is to provide a simple and efficient method for computing
the optimal solution for special classes of moment problems via semidefinite programming. Moreover, our
duality-based approach allows to characterize more general classes of distributions, including multivariate
extensions.

1 Throughout the paper we refer to an efficient, or polynomial time algorithm when it takes polynomial time in the
problem data and log(1/€), and it computes a bound within € of the optimal bound for all € > 0.
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From a methodological standpoint, mathematical programming tools, such as conic duality and
semidefinite optimization, provide a powerful framework for solving efficiently what otherwise appears
to be a difficult problem in probability. Our results exploit and bring a new dimension — that of special
convex distribution classes — to the intriguing connection between moment problems and semidefinite
optimization.

Section 2 formalizes the problem and reviews the main known results. [Section 3 develops the conic
duality framework and our main result for univariate convex distribution classes generated by a one-
parameter family. [Section 4| derives optimal moment bounds for symmetric and unimodal distributions.
Section 5linvestigates the moment problem for distributions with convex, respectively concave densities,
including bounds on the slope. Several results for combined classes are also outlined. A general mul-
tivariate result, and applications for unimodal and symmetric classes are obtained in [Section 6. As an
illustration of our approach, in [Section 7, we derive SDP formulations for sharp moment bounds on tail
probabilities for some special classes of distributions. In particular, we obtain analytical analogues and
extensions of Chebyshev’s inequality. Numerical results illustrate the comparative performance of these
bounds.

2. Moment Bounds for Arbitrary Distributions via SDP. In this section, we briefly review
the general moment bounds and corresponding SDP approach from Bertsimas and Popescu [4]. We first
set up the problem by introducing some definitions and notation.

2.1 The Problem and Notation. The goal is to find the best upper bound on E[¢(X)], given
expectations g; of functionals f;(X) of the random vector X, defined on a closed set 2 C R™, endowed
with a Borel sigma algebra B = Bg, typically omitted for notational convenience. The distribution®
w: B — [0,1] of X, defined by u(S) = P(X € S), is restricted to a particular convex class P. For a
vector of moment functions f = (fo, f1,..., fn) : @ — R™ we denote the set of feasible moment sequences
by Q»(f) ={q¢ = (g0,q1,---,9n) | ¢ = E,[f(X)] for some p € P}. We explicitly include the probability
mass constraint by setting go = 1, fo = 1q, where 1g(x) is the indicator function of a set S. The central
problem of this research is:

(P)  max E,[¢(X)] Y max E,[p(X)]

2 (f.q) neP (1)
st. E,lf(X)]=gq.

In this paper, by solving Problem (P) we mean calculating its optimal value. Our use of “max” and
“min” operators does not automatically imply that the corresponding optimal value is attained. We focus
on Problem (P) as an upper bound problem, but all results hold true for the lower bound problem as well,
via a simple change of sign transformation. Moreover, the mathematical programming setup extends to
problems involving inequality constraints on the moments.

Consider the set XT = XT(Q) of all measures on (£2,B) such that the functions ¢ and f; are p-
measurable for all g € X*. Let Mt = M™(Q) denote the corresponding subset of probability measures
(i.e. u(2) =1) and let X = X(2) denote the span of M™, which is a linear space of signed measures. Let
X* denote the span of ¢, fo,..., fn.- The vector spaces X and X* are paired by a bilinear form (scalar
product) given by the integral operator (h | u) := [, hdp = [, h(w)du(w). For probability measures, this
is the expectation operator: E,[h(X)] = [, hdp.

The convex hull of a set 7 is denoted ¢x(7), and co(7") denotes the cone generated by a set 7. Since
we are working on infinite dimensional spaces, we extend these concepts to allow for a continuum of
convex combinations. We define the convex set of generalized mixtures of distributions 7 € 7 by:

mix(7) ={pe Mt :pu(h)= fT'r(A)dV(T) VAeB|lve M (T)}, (2)
where M™ (7)) is the set of all mizing distributions v over 7, with the sigma algebra on 7 defined so that

the functions 7 — 7(A) are measurable in 7 € 7, for every A € B. In functional analysis, p is known as
the resultant or barycenter of v.

Throughout the paper, we denote closure with a bar. We implicitly work with the standard topology
of the reals and the weak topology of measures (e.g. see Billingsley [5] or Parthasarathy [28]), unless
stated otherwise.

2Throughout the paper, we use the terms measure and distribution interchangeably.
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Finally, we use standard notation (a,b) = {aa + (1 — a)b|a € [0,1]} for the closed segment between
vectors a and b, and (z)T = max(0, ) for the positive part of x.

2.2 Review of General Moment Bounds. Consider the moment problem (P) over P = M™T.
We denote this problem by (Py). The dual of this problem can be written as a linear semiinfinite program:

(DO) miny y/q (3)
st. Yf(x)—¢(x) >0 Vee’

If the support set €2 is finite, this problem is a simple linear program.

Isii [I5] shows that solving Problem (FPp) is equivalent to solving its dual, under standard regularity
assumptions (e.g. the vector ¢ is in the interior of Q-+ (f), in the norm topology). For duality results
on moment problems see also Karlin and Studden [16], Akhiezer and Krein [1], Smith [36], Shapiro [34].

THEOREM 2.1 (LINEAR DUALITY) Strong duality holds between Problems (Py) and (Dg) under standard
Slater conditions.

A characterization of the set of extremal® distributions is due to Rogosinsky [32, Theorem 1] (see also
Shapiro [34, Lemma 3.1]):

PROPOSITION 2.1 (EXTREMAL DISTRIBUTIONS) The extremal distributions for Problem (Py) are dis-
crete with support on at most n + 1 points, where n is the number of moment constraints.

Bertsimas and Popescu [4, 3] provide an efficient method for solving a very general class of moment
bounds via semidefinite programming (SDP). Semidefinite optimization problems are linear programs
with linear matrix inequality (LMI) constraints, i.e. semidefinite positivity constraints on matrices of
variables. SDPs preserve the strong duality properties of linear programs, and are efficiently solvable via
interior point methods (see [45] and references therein). The following univariate result from Bertsimas
and Popescu [4, [3] constitutes a key ingredient in this paper:

THEOREM 2.2 (MOMENT BOUNDS viA SDP) The univariate moment Problem (Py) reduces to solving
a semidefinite program, provided that the dual feasible set Ao = {y |y f(z) — ¢(z) >0, Ve € Q C R} is
semi-algebraic.

A set is semi-algebraic whenever it can be characterized by inequality constraints among polynomials.
The proof relies on the fact that a polynomial is non-negative (on an interval) if and only if it is a sum of
squares, which can be expressed as an LMI condition (see Nesterov [26] or Bertsimas and Popescu [4} [3]):

PROPOSITION 2.2 The set {y| hy(z) = Zfzo yrx” >0,V x € I}, where I C R is a possibly infinite
interval, can be reduced to an LMI of polynomial size in d.

This result shows that Theorem 2.2/ holds for functions ¢ and f that are piecewise polynomial (hence-
forth denoted pp). The pp functions form a fairly general class, as most functions of practical inter-
est can be approximated by piecewise polynomials. Examples of pp functions are interval indicators
h(z) = 1j44)(x) and option-like functions h(z) = (z —a)*.

3. Moment Bounds for General Convex Classes. We extend the results of the previous section
to the case when the measures underlying the Problem (P) are restricted to a convex subset P C M™.

3.1 Conic Duality, Generating Sets and Polar Representations. The first step in our devel-
opments is to observe that Problem (P) over the convex set P of probability measures is equivalent to its
relaxation over the corresponding cone of measures C = co(P). Since we included the probability mass

3 1 is an extreme point of a set P if it cannot be represented as the average of two distinct elements of P.
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constraint (fo = 1, go = 1) among the moment constraints, we can relax Problem (P) to the following
equivalent problem:

Py 7*= d
() r;lgg/gcbu

s.t./fdu:q.
Q

Given a cone of measures C C X, we remind, within our context, the notion of polarity. For a general
treatment, see Rockafellar [31].

(4)

DEFINITION 3.1 The polar of a cone C C X is defined as C* = {h € X*| [hdu >0, V€ C}.

For any set C, its polar C* is a pointed convex cone. Shapiro [34, Prop. 3.4, 3.1 and 3.3] (see also
Duffin [10]) provides various specific sufficient conditions for the following conic duality result to hold, as
well as for the existence of an optimal solution:

THEOREM 3.1 (CoNic DUALITY) Under certain Slater conditions (e.g., the moment vector q is interior®

to the set of feasible moments: q € int[Qc(f)]), then the optimal value of the Primal Problem (P’) equals
that of the following Dual Problem:

(D) Z*=min, y'q (5)
st. yf—-¢ecC*

where C* is the polar cone of C.

Since C = co(P), its polar can be written as C* = {h € X*| [hdp > 0, ¥V € P}. Duality allows
to reduce the primal Problem (P) over infinite-dimensional variables, to the dual Problem (D) in n + 1
variables, but with an infinite number of constraints, indexed by the set of probability measures P. This
type of indexing is typically difficult to work with. However, the constraint set of the dual problem can
be significantly reduced if the set P is in some sense generate by a convenient class 7. We consider several
alternate concepts of “generating class”:

ASSUMPTION [A] There exists a subset T of the convex measure set P underlying Problem (P) such that
one the following conditions holds:

[A1] P =cx(T);

[A2] P =mix(T);

[A3] P=¢cx(T), and f,¢ are continuous and bounded,
[Ad] P=¢X(T), and T is (weakly) closed.

The following lemma is a key milestone for our main result, presented in the next section:

LEMMA 3.1 Suppose that the set of measures P is generated by a set T in the sense of Assumption [Al.
Then the polar of C = co(P) equals C* ={h € X*| [hdr >0, V7 €T}

This result together with Theorem 3.1 implies that the dual (D) of Problem (P) is equivalent to the
following relaxation:
(D7) Z* =min, y'q

s.t. /y'f—(dezO,VTET'
For example, consider P = M™ and let 75 denote the set of Dirac measures 6,z € . Since
M =ex(T5) = mix(Ts), (6)

by Lemma 3.1/ ([A2] or [A4]), the corresponding polar cone is C* = {h € X*|h(z) >0, Vz € Q}. In
this case, the conic duality result of [Theorem 3.1 reduces to the linear duality result of Theorem 2.1. By
Lemma 3.1/ ([A1]), the same polar representation holds for the set DT of discrete probability measures
on €, in which case Dt = ¢x(75).

4The strong (norm) topology is needed here.
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The applications presented in this paper rely mostly on Assumptions [A2] and [A4]. A closed convex
hull ([A4]) representation is typically easier and more intuitive to obtain than an integral representation
([A2]), hence more useful in practical applications (see, e.g., [Section 4| and [Section 5)). Assumption
[A3] allows a weakening of [A4] when the underlying functions are continuous and bounded, whereas
Assumption [A1] is useful in the case of discrete distributions.

Proor ofF [LEMMA 3.1. Under Assumption [A1], the lemma follows by simple application of con-
vexity to the linearity of the expectation operator.

Under [A2], for any p € P we can write = [ 7dv(7) for a certain mixing measure v. If h € X* then
Jo hd7 is v-measurable and [, hdu = [ ([, hd7) dv(T) (see, e.g., Dudley [9, p. 269]). The desired result
follows.

Under [A3], for any u € €x(7), consider a sequence of measures u,, € ¢x(7") converging weakly to p.
Since X* consists of continuous bounded functions, it follows that 0 < [ hdu, — [ hdp for any h € D*,
where D = co(cx((7')). Therefore [ hdu > 0, which proves D* C C*. The opposite inclusion is trivial.

Under |A4], the lemma is a consequence of the second part of the following result, which is proved in
Appendix Al O

ProPOSITION 3.1 Let T be a set of Borel probability measures on € C R™. We have that
cx(7) Cmix(7T) C¢cx(7T). Moreover, if Q and T are closed, then €x(T) = mix(7).

In a general topological context, the existence of generalized mixture (a.k.a. integral) representations
and its relationship with closed convex hull representations is the focus of Choquet theory, for which
a standard reference is Phelps [29]. The main results are the theorems of Krein-Milman and Choquet,
providing topological conditions under which a set admits a closed convex hull representation, and re-
spectively a general mixture representation in terms of its extreme points. Extensions and applications
in the context of measure sets can be found in Rogosinsky [32], Winkler [44], Weizsdcker and Winkler
[42] and Karr [17]. None of these results, however, implies Proposition 3.1/ in the non-compact case.
Moreover, we intentionally do not require the generating set 7 to coincide with the extreme points of P,
since these can be difficult to characterize, and to parameterize as required further by Assumption [B].

3.2 The Main Result for Convex Classes of Univariate Distributions. Our main result
requires, beside Assumption [A], a parametrization of the generating set:

ASSUMPTION [B] The generating set T C P consists of Borel measures piz on a real interval 0, such that
w(S,t) = pe(S) : Bx It — [0,1] s a Borel measurable function of t and It is a real interval.

Assumption [B] effectively says that 7 is defined by a Markov kernel. Extensions dealing with mul-
tivariate distributions (2 C R™) and multi-parameter generating classes (I C R™) are investigated in
Section 6. Our main result extends Theorem 2.2 by providing an SDP solution for univariate moment
problems over convex classes of distributions:

THEOREM 3.2 (MOMENT BOUNDS FOR CONVEX DISTRIBUTION CLASSES VIA SDP) Suppose that the
Slater condition holds for Problem (P) satisfying Assumptions [A] and |[B]. Then the following results
are true:

(i) The optimal bound in Problem (P) can be efficiently computed as a semidefinite program whenever
the set {y| [(y'f — #)dpe > 0,V t € Ir C R} is semi-algebraic.

(ii) If the bound in Problem (P) is achievable, then there exists an optimal measure which is a convex
combination of n + 1 probability measures from the generating set 7T .

PROOF. (i) For any function h € X*, define the linear transform Hr(t) = [, hdu;. Based on
Theorem 3.1/ and Lemma 3.1, the dual of Problem (P) over the convex class P is the following semi-
infinite linear program:

(Dr) Z* =min, y'q M)
st. Yy Fr(t)—o7(t) >0, Vte Ir.

By [Theorem 2.2, this reduces to an SDP whenever the dual feasible set is semi-algebraic.
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(ii) Assumption [B] implies that ®7 and Fr are measurable functions of ¢. The problem:

(Pr) max /@Tdu
veM+(Ir)

(8)

s.t. /FTdy =q.
is a special case of Problem (Py) over Q = It with (f,¢) := (Fr,®7). The mass constraint is satisfied
since F2(t) = [ fodus = 1.

One can easily see that the Slater condition is verified for Problem (Pr) whenever it is verified for (P).
So, by Theorem 2.1, Problem (P) has the same optimal value as Problem (P7). Moreover, if the bound
in Problem (P) is achievable, then so is the bound in Problem (Pr), since for an optimal measure p for
(P), the corresponding mixing measure v € M™(Ir) is optimal for (Pr).

n
By [Proposition 2.1, the extremal measures for Problem (P7) are of the type v* = Zwiét“ t; € It
i=0
with > w; = 1, w; > 0. The feasibility and optimality conditions for v* are:

q= gwi/fdut,- Z/fd<§wiuti>
gwi/qbduti ~ [od (ZB“’“) .

n
This shows that p* = Z w;ipt, € ex(T) C P achieves the optimum in Problem (P), since it satisfies the

Z*

i=0
moment conditions, and achieves the optimal value Z*. ([l

Our main result requires the feasible set of the Dual Problem (D7) to be semi-algebraic. When f and
¢ are piecewise polynomial (pp), this condition is satisfied for example if 7 = {u; }ier, is a parametric
class of continuous measures whose densities m¢(z) = 7(x,t) are pp in = and ¢. In this case, the following
functions are pp in t:

Frt) = [ fdpe= [ sy do
o7(t) = [ o = [ oot do

The semi-algebraic condition also allows for generating densities that are pp in x, but fractional in
the parameter ¢. In this case, the functions ®7 and Fr are piecewise polynomial fractions (ppf), that
is fractions of polynomials on an interval partition, and the dual constraints can be reduced to semi-
algebraic conditions (since checking p(x)/q(x) > 0 is equivalent to p(x)q(x) > 0). Examples are Cauchy,
Pareto and uniform densities.

Another case of potential interest is that of exponentially damped moments f;(z) = f?(z)e=**) and
o(z) = ¢°(x)e= @), for arbitrary functions A(-) and where fO(-), ¢°(-) are ppf. In this case, checking
y' f(x) — ¢(x) > 0 amounts to ' f°(z) — ¢"(x) > 0, a semi-algebraic condition.

4. Bounds for Symmetric and Unimodal Distributions. In this section we apply Theorem 3.2
to derive optimal moment bounds for distributions that are: (1) symmetric, (2) unimodal with given
mode, (3) unimodal with bounds on the mode, (4) unimodal and symmetric (including bounds on the
mean). Multivariate analogues of these properties are investigated in [Section 6.

4.1 Symmetric Distributions. Let Q) =1 C R, be either a compact interval, or I = R. A measure
won (I,B)is M-symmetric if p[M —x, M| = u[M,M + ] for all z € I, where Iy ={x > 0| M —z €
Iand M +z € I}.

Since any convex combinations of M-symmetric probability measures is M-symmetric, the set of M-
symmetric probability measures P35, is convex. Symmetry is preserved under weak limits, so P35, is
closed.
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LEMMA 4.1 The closed convex set of M-symmetric probability measures can be generated by pairs of
symmetric Diracs as Py, = €xX(7s;), where T = {p = %5M+t + %5M_t| tely}.

The proof trivially follows from (6) applied on the half-interval = M + I;. Since 7 is closed, by
Lemma 3.1/ ([A4]), the polar cone of M-symmetric measures is:

Cy/"={heX*|Hy;(t)=h(M+1t)+h(M —1t) >0, Vt € Ip}.
Therefore, the dual of the moment Problem for M-symmetric distributions is:
min, 3'q )
st Y (F(M =)+ F(M+1) = (6(M — ) + 6(M+1)) 20, Vtely

The constraints amount to checking polynomial positivity whenever f, ¢ are pp, so Theorem 3.2/ implies
the following result:

PrROPOSITION 4.1 If ¢ and f are pp and the Slater condition holds, then:

(i) Problem (P) over the convex set Py, of M -symmetric probability measures on (I,B) can be efficiently
solved as a semidefinite program.

(@) If the corresponding bound is achievable, there exists an optimal measure which is a convex combi-
nations of n + 1 pairs of M -symmetric Diracs.

When the mean M of the distribution is unspecified, our approach does not directly provide sharper
bounds based on symmetry information. This is because the class of symmetric probability measures is
non-convex, and its convex hull is all of M.

4.2 Unimodal Distributions. Let @ = I C R be a possibly infinite interval. A measure p is
m-unimodal on I > m if the corresponding distribution function is convex to the left of m and concave to
the right of m. For a continuous measure, this amounts to its density function being increasing® to the left
of m and decreasing to the right of m. Any m-unimodal measure can be decomposed into a continuous
m-unimodal measure and a Dirac at m. The class of continuous m-unimodal probability measures Py, is
convex, and its closure P, is the class of m-unimodal measures. P, is the class of m-unimodal measures.

Examples of continuous unimodal densities include the normal (possibly truncated), Betas, monotone
densities and uniform densities. Measures with uniform densities on closed m-bounded segments I are
also called m-rectangular measures, and denoted ;. The following characterization of unimodal measures
can be found in Dharmadhikari and Joag-Dev [8, Theorem 1.2] . The mixture representation is attributed
to Khintchine [18§].

LEMMA 4.2 The set of (comfjnuous) m-~unimodal measures can be generated using m-rectangulars as
Pr, = mix(7,), respectively P, = X(T,,), where T\ = {0 my|t € I, t #m}.

For the closed convex hull representation, Assumption |[A4] requires closure of the generating set, so
a Dirac at m should be added to 7;}. By Lemma 3.1l and [Lemma 4.2, the dual of the moment problem
for m-unimodal distributions is:

min, 3'q
s.t. y’/ f(z)dz —/ o(x)de >0, Viel, t#m (10)
(m,t) (m,t)
y' f(m) — ¢(m) > 0.
The last constraint should be relaxed for the case of continuous m-unimodal measures.
The integral transform f<m t) h(z)dz is pp in ¢ for any function h € X* that is pp in z, soTheorem 3.2

implies the following result:

PROPOSITION 4.2 Suppose that ¢ and f are pp and the Slater condition holds. Then the following results
are true:

5Throughout the paper, we will use the terms increasing/decreasing in their weak sense.



Popescu: Optimal Moment Bounds for Convex Classes of Distributions by SDP 9
Mathematics of Operations Research 30(x), pp. xxx—xxx, (©2005 INFORMS

(i) Problem (P) over the convex class of (continuous) m-unimodal probability measures, can be efficiently
solved as a semidefinite program.

(ii) If the corresponding bound is achievable, then there exists an optimal measure which is a convex
combinations of n + 1 m-rectangulars, possibly including a Dirac at m.

4.3 Constraints on the mode and [m, mz]-modal distributions. Suppose that the underlying
distribution in Problem (P) is unimodal, but the mode is only known to belong to a certain interval:
m € [m1,ma]. Define P, ., = X(U,nefm, ms) Pm)» to be the convex hull of the (non-convex) class of
unimodal probability measures with mode between m; and ms. We refer to the elements of the class
Pryms 38 [m1, ma]-modal probability measures. By Lemma 4.2, an obvious generating family for Py, ..
is the class U,,c(my my) Zm of rectangulars &4y for s € I, t € [my, mo], and Diracs &, for t € [my, ma].

However, this class is double indexed by s and ¢, hence does not satisfy Assumption [B].

Any measure in Py, .. can be decomposed into an m; unimodal to the left of m;, an my unimodal to
the right of my and an arbitrary distribution on [m1, msa]. Lemma 4.2/implies the following representation:

LEMMA 4.3 The closed convex set of [my, ma]-modal measures can be generated by the closed set of

probability measures T, ... = {pit }eer, where:
Oftmy] > o <
pe =79 Opmyy - o t>ma.
5t s ’Lf t e [ml,mg}

By Lemma 3.1, the dual of Problem (P) over P2 can be written as:

miy,m2
(Duml,mz) miny y'q
st [y f(@) —ola)de >0 ,Vt<my, zel
ffm y'flx)—¢(x)de >0 ,Vt>mg, z€l (11)
yft)—o) =0 , V€ [ma,mol.
By Theorem 3.2, we have the following result:

ProroOSITION 4.3 If f and ¢ are pp and the Slater condition holds, then:
(i) Problem (P) over the closed convex set of [mq, ma]-unimodals can be efficiently solved as an SDP.

(i) If the corresponding bound is achievable, then there exists an optimal measure which is a convex

combinations of n + 1 probability measures from the class Ty, .-

If the mode of the underlying distribution is completely unspecified, then we cannot improve the

moment bounds by adding unimodality conditions in a duality framework. This is because the convex
hull of all unimodal probability measures is all of M.

4.4 Symmetric Unimodal Distributions. We now combine the results for unimodal and sym-
metric distributions. The set of continuous M-symmetric unimodal probability distributions is convex,
denoted P5¥ = P5, N Py, and its closure P52 = P, NPy, is the set of all M-symmetric unimodals.
Recall the notation Ipy ={t >0|M —teland M+t e I}.

LEMMA 4.4 The convexr set of M-symmetric unimodal measures can be generated using M-centered
rectangulars as P53 = TX(T5}), respectively Pyy = mix(T5;) for continuous measures, where T =
Ot v44 | t € Ing, t # 0}

The result is a direct consequence of Lemma 4.2, Again, for P§2, a Dirac at M should be added to the
generating set to insure closure ([A4]). Based on this characterization, Lemma 3.1l yields the following
dual formulation (after basic simplifications):

min, 3'q

Mt Mt
s.t. y’/ f(x)dx —/ d(x)dr >0, Vit € Iy,t#0 (12)

M—t M—t

y'f(M)—¢(M) =0
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The last constraint should be dropped for continuous M-symmetric unimodal measures.

For any pp function h € X* the corresponding transform

M+t
H3(t) = /M t h(z) dx

is pp in ¢, so [Theorem 3.2 implies the following result:

PROPOSITION 4.4 Suppose that ¢ and f are pp and the Slater condition holds. Then the following results
are true:

(i) Problem (P) over the class of (continuous) M-symmetric unimodal probability measures can be
efficiently solved as a semidefinite program.

(@) If the bound is achievable, there exists an optimal measure which is a convex combination of n + 1
M -symmetric rectangulars, possibly including a Dirac at M.

Unspecified mean. Given bounds on the mean, the convex hull of the class of symmetric unimodal
distributions with mean M € [My, My] is the class of [M1, Ms]-unimodals, with mean in [M;, Ms]. For
this class, we derived bounds in [Section 4.3l

Without any prior bounds on the mean, our approach does not directly improve the bounds for
arbitrary distributions. This is because the convex hull of symmetric unimodal probability distributions
is all of M™. In this case, we propose an alternative two step approach:

(i) Find optimal lower and upper bounds M7, M5 on the mean given the moment constraints, by solving
the corresponding moment problem for arbitrary distributions.

(ii) Solve the moment problem for [M;, Ms]-unimodals, with mean in [M;, Ma).

5. Bounds for Distributions with Convex/Concave Densities. The last section showed how
monotonicity properties of the distributions in Problem (P) translate into optimizing over certain com-
binations of n + 1 uniforms. The resulting bounds are tighter than those for arbitrary distributions,
which are achieved by discrete distributions (this is also illustrated numerically in [Section 7). However,
approximations by uniforms can be rough if the distributions satisfy additional convexity or smoothness
properties. In this section we improve the moment bounds by incorporating conditions on the slope of
the underlying densities.

5.1 Monotone convex densities. Denote Ppr, the set of continuous probability measures on
Q = [m,m + a], which admit decreasing and convex densities. Similarly, consider the set P3  of
continuous probability measures that admit increasing and convex densities on an interval [m — a, m]. In
this section only, we abuse notation and allow a > 0 to be infinite.

Both classes are convex, but not closed, since limiting distributions (such as d,,) do not necessarily
have a density. The respective closures 75,‘71;‘)@ (7572‘)@) consist of distributions that can be decomposed into
a continuous part, with a decreasing (increasing) and convex density, and possibly a Dirac at m. These
can be generated using right (left) m-triangular densities:

DEFINITION 5.1 A probability density function is said to be:

2
(i) right m-triangular, if it is given by =), ,(z) = t—Q(m +t—x)t, forz>m,t>0.

2
(id) left m-triangular, if it is given by =, ,(z) = t—Q(x —m+t)", forz <m,t>0.

The corresponding triangular measures are denoted fy;{%t, respectively v, .

For t — 0, the degenerate triangular measure %ﬁ,o is a Dirac at m.



Popescu: Optimal Moment Bounds for Convex Classes of Distributions by SDP 11
Mathematics of Operations Research 30(x), pp. xxx—xxx, (©2005 INFORMS

LEMMA 5.1

(i) We have that PE, = eX(T,8%,) and P, = mix(T,&%,), where T3, = {~;}, 1t € [0,a)} U{0[m mtq) }-

m,a

(i) We have that P, = eX(T3*,) and Pir, = mix(T3*,), where T2, = {7, ; |t € [0,a)} U{0[m—q,m] }-

,a

If a is infinite, the rectangular should be omitted from the gemerating sets.

The proof is provided in Appendix Bl By [Lemma 3.1, this characterization leads to the following
equivalent formulation of the dual problem over the class Py ,:

min y'q

m—+a m—+a

s.t. y’/ (m+t—x)+f(x)d;v—/ (m+t—2z)te(x)dz >0, Vte(0aq
y'f(m) — ¢(m) = 0.

The last constraint should be dropped if we are only interested in continuous measures (Pgy,). The dual

constraints are ppf in ¢, whenever f and ¢ are pp, hence the problem can be stated as an SDP.

We obtain analogous results for the convex class P,i,f,a. By combining the two, we can obtain SDP
formulations for optimal moment bounds for measures with U-shaped densities with given mode (point
of minimum) m. Summarizing, by Theorem 3.2 we have:

PrOPOSITION 5.1 If ¢ and f are pp and the Slater condition holds, then:

(i) Problem (P) over the classes Py ., Par, and their respective closures can be efficiently solved as a
semidefinite program.

(ii) If the corresponding bound is achievable, there exists an optimal solution which is a conver combi-
nation of n + 1 right/left triangulars, possibly including a rectangular on the whole domain and a
Dirac at m.

Constraints on the maximal slope. We can improve these bounds by further limiting the slope of
the densities underlying the moment problems. This basically amounts to putting bounds on the values
t that index the generating set.

Consider for example the moment problem (P) for measures that admit convex increasing densities on
(—o00, m] with maximal slope bounded in a finite interval [, 3]. This class is closed and convex (since
0 is finite, the Dirac is not a possible limiting distribution, hence these measures are continuous). By
Proposition 5.1, this problem admits an optimal solution whose density is of the type:

n n

2

7" (z) = Zwm;f7(x) = Zw’?(x —m+t)t, z<m, t; >0 (13)
i=0 i=0 1

with w; > 0. Since 7* must correspond to a probability distribution, the mass constraint implies that

> w; = 1. The maximum slope of the corresponding density is:

z”: 2w S (min 2 ma; 2>

—W; in—,max— | .

2.3 T

In order for the maximal slope to be between o and (3, we should restrict the generating class to a <

2/t < B3, that is:
T, 5= 1vh 1 V2/8 <t < \/2/a}.

We can similarly treat the case of convex decreasing densities, by incorporating bounds on the maximal
absolute slope.

Approximations by triangulars can be regarded as a second stage in a series of approximations by
means of increasing numbers of independent uniforms. As pointed out by Bell [2], triangular distributions
can provide fairly good approximations to normal distributions. Buslenko et al. [6] present a method
of construction of so-called "random normal deviates” using triangular distributions. However, normal
densities are concave around the mean and convex on the tails. Therefore, if one wants to provide more
suitable approximations for such distributions, it is desirable to model concave densities in the moment
problem.
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5.2 Monotone concave densities. Let m,a € R,a > 0 and consider the class Pfr‘[,a of probability
measures on a finite interval [m, m + a] that admit decreasing and concave densities. Similarly, consider
the class 73},;’)@ of probability measures that admit increasing and concave densities on [m — a, m]. Both
classes are closed and convex, and can be generated using m-trapezoidal densities.

DEFINITION 5.2 A probability density function w is said to be:

(i) right m-trapezoidal on [m,m + al, if for some 0 < t < a it is given by

) _
b L(r) = tmin(l,W),meSm—I—a.
0 —

(ii) left m-trapezoidal on [m — a,m], if for some 0 <t < a it is given by

_ 2 . T—m-+a
ﬂ-m,t,a(z) = aimln <17) 5 m—a<x<m.

a—t

The corresponding trapezoidal probability measures are denoted

m.t,a» Tespectively ¢

m,t,a"
If t = 0, the degenerate trapezoidal is a triangular. As ¢ — a above, the degenerate trapezoidal
measures denoted Qi,a’a are rectangulars on the whole domain.

LEMMA 5.2

(i) The closed convex class PY

m,a

can be generated as PE , = ex(T,8",), where T, = {¢) ,  1t€[0,a]}.

(i1) The closed convex class P

m,a

can be generated as Py, = exX(T\Y,), where 137, ={(, 1. |t€[0,a]}.

The proof is provided in Appendix B. Since the generating classes are closed, by Lemma 3.1/ (JA4]),
the dual of Problem (P) over the class Pgy , is:

min y'q
m-+ta
s.t. / min(a —t,m +a —z)(y' f(x) — ¢(x))dz >0, Vt € [0,a].

This can be expressed as an SDP whenever f and ¢ are pp.

We obtain analogous results for the convex class P,i,;’,b, generated by left m-trapezoidal probability
measures. By combining the two, we obtain optimal moment bounds for (symmetric) measures with
m-unimodal and concave densities on [m — b,m + a]. These are generated by (symmetric pairs of) right
and left m-trapezoidal distributions.

PROPOSITION 5.2 If ¢ and f are pp and the Slater condition holds, then:

(i) Problem (P) over the closed convex class of m-unimodal probability measures with concave densities
can be efficiently solved as a semidefinite program.

(#) If the corresponding bound is achievable, then there exists an optimal measure which is a convex

combination of n+1 m-trapezoidals, possibly degenerate.

Constraints on the maximal slope. Consider for example the moment problem (P, ) for concave
increasing densities on [m — a,m|. By Proposition 5.2, this problem admits an optimal solution whose
density has the following structure:

n n
2
™ (z) = Zwﬂj‘n’tm(x) = Zwim min(a —t;,z —m+a), <m, 0<t; <a
i=0 i=0 ¢

with w; > 0 and > w; = 1. Therefore, in order to restrict the maximal slope between a and (3, we should
define the generating class as:

Tivas = {Ghia | Va? —2/8 <t < /a2 —2/a}.
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We can similarly treat the case of concave decreasing densities, by incorporating bounds on the maximal
absolute slope.

Finally, by putting all the pieces together, we obtain bounds on (symmetric) m-unimodal distributions
that are concave on [m — b,m + a] and convex on the tails (—oco,m — b], [m + a,00). Furthermore,
slope constraints can be added at the inflexion points. Similarly, we obtain bounds for (symmetric) m-
unimodal distributions with convex tails outside an interval [m —b, m+a], and other such combinations of
convex properties. These results can be extended to incorporate higher order convexity and smoothness
information, by using generating families of piecewise polynomials densities.

6. Multivariate Extensions. Our results so far concern univariate distributions generated by
single-parameter classes. In this section we generalize these results to multiple dimensions, and apply
them for distributions satisfying multivariate unimodality and symmetry properties.

All the results of Sections 2 and (3.1 hold over R™, with the exception of Theorem 2.2. Bertsimas and
Popescu [4] extend this result in the context of a moment problem over R™. They prove that the dual
problem of optimizing a linear objective over a general semi-algebraic set (i.e. defined by multivariate
polynomial inequalities) has an equivalent SDP formulation of exponential size in m. They also obtain an
improving sequence of polynomial size SDP relaxations. Based on Putinar [30], polynomial positivity in
the dual formulation are relaxed to sum of square conditions (the two are not equivalent in the multivariate
case), which in turn are expressed as SDPs. These results lead to a natural multivariate generalization
of our main result (Theorem 3.2)). The proof follows the same principles, and is omitted here for brevity.

A multivariate version [B*] of Assumption [B] is required, where Q C R™ is closed and the generating
set 7 of probability measures p; is parameterized by a vector t € I C R™, and I is polyhedral.

THEOREM 6.1 Suppose that the Slater condition holds for Problem (P) satisfying Assumptions [A] and
[B*]. Then the following results are true:

i) Problem can be approzimated by a converging sequence o relaxations whenever the set
1) Probl P b ; d b ; f SDP rel ) h h
{yl [ f—¢)du >0,Yt € Ip CR™} is semi-algebraic.

(i) There exists a probability measure achieving the optimal bound for this problem which is a convex
combination of n + 1 measures from the generating set 7T .

We use this theorem to extend the results of Section 4! for various multivariate generalizations of
unimodality and symmetry. A very good reference on multivariate unimodality is Dharmadhikari and
Joag-Dev [8], from which we adopt the concepts and generating classes described below. Throughout this
section, generating classes refer to both integral and closed convex hull representations.

DEFINITION 6.1 A set S € R™ is said to be star-shaped about s € S if for every x € S, the segment
(x,s) is completely contained in S.

DEFINITION 6.2 A set S € R™ is centrally symmetric if x € S implies —x € S. A distribution p on R™
is centrally symmetric if u(A) = p(—A) for all Borel sets A in R™.

Star unimodality. A probability measure on R™ is star unimodal about 0 if it belongs to the
closed convex hull of the set of all uniform distributions on sets S C R™ which are star shaped about
0. Intuitively, the corresponding density function (if it exists) is decreasing along any ray away from the
origin. The following parametric generating class satisfies the assumptions of Theorem 6.1:

To " ={m =6pnlt e R™},

where §o 4 is the rectangular probability measure on the segment (0,t). We include the Dirac at 0 as a
degenerate case dg = §0,0)-

The corresponding dual feasible set is given by:

{y | /< | ) o)z = / (0 fla)da — éu(a))da > 0, Vi € Rm},

where we denoted hi(a) = h(ta) , t € R", a € [0,1].
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Centrally symmetric star unimodality. The class of centrally symmetric star unimodal probabil-
ity measures about 0 is the closed convex hull of uniform distributions on centrally symmetric star-shaped
sets about 0. This class is generated by the parametric family:

T ={pe = S| t € R™},
where 0(_; ;) is the rectangular probability measure on the segment (—t,t).

The dual feasible set is given by

1
{1 [, 050 - sy = [ 050 - anin =0, veerm )
—t,t -1
Block unimodality. A probability measure on R™ is block unimodal about 0 if it belongs to the
closed convex hull of the set of all uniform distributions on sets R C R™ which are rectangles containing
0 and having edges parallel to the coordinate axes. This is a subset of the class of star unimodals, that
can be generated by the parametric family:

T = {pe = poylt € R™},

where p (o) is the uniform distribution on the rectangle with edges parallel with the axes and with opposite
vertices 0 and ¢. Equivalently, p(o ) is the distribution of (Urty,...,Uxt,) where U; are independent and
uniform on (0, 1).

The dual feasible set is given by

{y y / W F(@) - o)) = / . / " (1) — dla))da > 0, Vi € Rm} .

Centrally symmetric block unimodality. The class of centrally symmetric block unimodals
about 0 can be generated by the following set:

T = {e = pioryl t € R},

where p(_; 4 is the uniform distribution on the rectangle with edges parallel with the axes and opposite
vertices —t and t. The dual feasible set is given by

ot [[ Wi - owonas= [ / tt:(y’f(x) oo 20, vie R}

By Theorem 6.1, we can obtain a converging sequence of SDP relaxations for the moment problems
for star and block unimodal distributions and their centrally symmetric analogues, provided that the
dual feasible set in the above problems is semi-algebraic. In particular, this is the case if f and ¢ are
polynomial, or piecewise polynomial on multidimensional rectangles. The latter follows by a natural
multivariate extension of Proposition 2.2l

Other unimodal classes, such as linear unimodal or convex unimodal measures are not convex, therefore
cannot be treated with our approach. On the other hand, the spherically symmetric unimodal prob-
ability measures form a closed convex set that can be parameterized using a single real parameter. This
coincides with the classes of spherically symmetric star-shaped, block and convex unimodals, respectively,
and can be generated using uniforms on disks D(¢t) C R™ of radius ¢t € Ry centered at 0. The dual

feasible set is given by:
{1 [[[ 01w —sni=0, vier. |,
¢

By changing to polar coordinates, the dual feasible set can be characterized by inequalities in terms of
univariate polynomials (in ¢), whenever f and ¢ are polynomial on rectangles. Therefore, Theorem 3.2
provides an equivalent SDP formulation for this problem.

7. Generalizations of Chebyshev’s Inequality. In this section, we obtain optimal upper bounds
on the survival distribution (sdf) P(X > a) of a random variable X satisfying standard moment con-
straints, for the case when X is symmetric, respectively symmetric and unimodal. We generalize some
known extensions of Chebyshev’s mean-variance bound for higher order moments and show how these
bounds can be computed by solving an SDP. Our numerical results compare the performance of these
bounds relative to those from Bertsimas and Popescu [4], and relative to the normal distribution.
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7.1 Chebyshev Bounds for Symmetric and Unimodal Distributions. Given the mean and
variance of the random variable X, the best bound on the upper tail P(X > a) is given by the one-sided
Chebyshev inequality (see [41] or [4]), which we present here for completeness. Bertsimas and Popescu
[4] generalize this result to the case of an arbitrary number of moments. The two sided version of the
mean-variance bound for unimodal (not necessarily symmetric) random variables is known as the Gauss
inequality (see Karlin and Studden [16]). One can easily show that this is the same as the optimal one-
sided bound for symmetric and unimodal random variables. We generalize this bound for higher order
moments. The proof of the following result is given in Appendix (Cl

PROPOSITION 7.1 Given the mean M and variance o of a random variable X, the following bounds on
P(X > a) are optimal:

sup P(X > a)
X a>M a< M
. o?
arbltrary m 1
fri Lin {1, 7 1
Symmetric — min e ——
oY 2 (M — a)?
tric unimodal | ~min {1, 5" 1
Symmetric unimoda. — min e ——
oY b 2 "9 (M — a)?

Given any number of moments M = (My=1, My, ... Ms,) of a random variable X, the optimal upper
bounds on P(X > a) can be computed as semidefinite programs as follows:

(i) For arbitrary random variables:
n
min Zszz
=0
s.t. 0=diagy_,(U) , l=1,...,2n,

yo— 1+ yia’ = diag,(U),

i=1

nooN 14
> C)a"lyi = diagy(U),  1=1,...,2n, 14
i=l
0 = diagy;,_1(V), l=1,...,2n,

—1)! =y, = di V), 1=0,...,2n,
(013 (1 = ) "
U(n><n)7 ‘/(an) =0.
where diagy(X) =3, ;. ;1 j_q%i; to denote the anti-diagonal sums of the matriz X.
(ii) For symmetric random variables with mean M; =0 and a < 0:
min Zyngi
i=0
s.t. 0=diagy_,(U) = diagy,_(V) , l=1,...,n,
y; = diagy, (U), l=1,...,n,
1 . 15
Yo 5= diag,(U) , (15)
l
(y0_1)<l>+zy’ta’ _dlagQZ(V)7 lzl) y TV,
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(iii) For symmetric random variables with mean My =0 and a > 0:

n
min Z yiMQi

i=0
s.t. 0 =diagy_,(U) = diagy,_1(V), l=1,...,n,
y; = diagy, (U) , [=0,...,n

n

Z <,ZL> yia2(iil) = diag?l(v)v l= 17 sy (16)

i=l
1 &
Yo— 5+ ; y;a* = diagy (V)
Unxnys Vinxn) = 0 .
(iv) For unimodal symmetric random variables with mean My =0 and a < 0:

n
min Yy, Mo,

i=0
s.t. 0= diagy_4(U), Il=1,...,n
!

=1

0 = diagy;_1(V), l=1,...,2n

)

- ; (2i+1 ;
> 2z’y;1(2;_ ><—a>21+1—l=diaggl<V) I=2....m, 17
=y

1 < .
Yo—3 + E:yiazZ = diag, (V)

Yi  2it1 .
— (o —Da—-S L =d Vv
(0= D= 32 7 = dinea(1)

Unxnys Vi@n+1)x(@2n+1)) = 0

(v) For unimodal symmetric random variables with mean My = 0 and a > 0:

n
min E Yi Mgi
=0

0 = diagy(V), l=1,...,n, (18)

Unxnys Vi@ns1)x@2nt1)) = 0 .
7.2 Numerical results. This numerical study compares the sharp bounds for arbitrary, symmetric,
respectively symmetric unimodal distributions, given higher order moments.

The standard normal survival distribution function (sdf) N(a) =1 — ®(a) for a > 0 is benchmarked
against moment bounds on the survival distribution P(X > a) for arbitrary, symmetric, and symmetric
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unimodal distributions, with the same moments® up to order k, where k = 2, ..., 10. [Figure 1] plots the
corresponding upper bounds Ag(a), Sk(a), SUk(a) and the normal sdf N(a) as functions of a > 0; the
three plots correspond to k = 2,4 and respectively 10 moments. While all bounds perform well in the
tails (beyond 3-4 std), the bound for symmetric and unimodal distributions exhibits a good performance
also around the mean.

=2 . =4 . k=10

Figure 1: From left to right: bounds given k = 2,4, 10 moments respectively. Each plot compares Ax(a), Si(a),
SUk(a) and N(a) for a € [0, 5].

. (@) . (@)

Figure 2: From left to right: Ag(a), Sk(a) and SUx(a), a € [0,5]. Each plot compares sharp bounds given
k = 2,4,10 moments vs. the normal sdf.

In Table 1/ we compare the improvement of the bound for symmetric unimodal distributions over
the bound for arbitrary distributions, relative to the normal sdf benchmark, calculated as Ag(a) =
(Ag(a) — SUk(a))/(Ak(a) — N(a)). Remarkably, Aj(a) is consistently (i.e. for all a and k) above 75%.
It is higher around the mean, for any number of moments, and it is also higher in the tails for moments
of higher order.

It is interesting to understand how much the various bounds improve as higher order moments are
given. Each plot in Figure 2 compares the bounds given 2,4 and 10 moments (against the normal sdf
benchmark) for a category of distributions: arbitrary, symmetric, respectively unimodal and symmetric.
The value of adding higher order moment information appears to be higher under less distributional
assumptions. In fact, for unimodal and symmetric distributions, the mean-variance bound (k = 2) is
already fairly strong. This also shows that approximating a unimodal and symmetric distribution by a
normal with the same mean and variance yields a reasonably good approximation.

Another interesting observation is that fourth moment information has a most significant impact in
the tails (beyond 2 — 2.5 standard deviations), but less so around the mean. This can also be observed
from [Table 2, which illustrates the relative improvement in the bound for symmetric unimodal distribu-
tions from using higher order moments Af*(a) = (SUk(a) — SUp+2(a))/(SUx(a) — N(a)). The relative

6The first ten moments of the standard normal distribution are M = (0, 1,0, 3,0, 15,0, 105, 0, 945).
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a Az(a) A4(a) AG(LL) As(a) Alo(a)
0 100 100 100 100 100
0.2 ] 96.01 9392 96.27 95.46 96.69
0.4 | 92.29 89.33 93.13 92.33 94.24
0.6 | 88.61 86.32 91.16 90.95 93.77
0.8 | 8.62 84.82 91.82 91.79 93.27
1.0 | 84.59 8459 90.91  90.20 88.98
1.2 | 86.70 85.95 87.01 86.39 85.99
1.4 | 87.32 84.59 82.90 87.19 87.16
1.6 | 85.85 80.26 79.80 89.04 88.37
1.8 | 83.64 79.88 79.75  88.81 86.58
20| 8149 83.03 81.48 86.79 85.24
22| 7966 85.28 81.35 83.02 86.15
24| 7824 86.20 79.17  79.03 85.10
26| 7729 86.26  80.60  78.92 82.56
2.8 | 76.74  85.56  82.71  78.30 79.25
3.0 | 76.29 84.44 82.42 75.81 75.00
3.2 | 76.22 84.27 82.54 80.56 78.13
3.4 | 76.17  83.92 82.22 81.82 76.47
3.6 | 76.33 84.35 83.87  84.62 75.00
3.8 | 76.35 84.04 82.61 87.50 75.00
4.0 | 76.36 84.42 82.35 83.33 76.67
4.2 | 7649 8438 84.62 75.00 100
4.4 | 76.58 8491  80.00 100 100
4.6 | 76.72 84.09 85.71 100 100
4.8 | 76.92 86.49  83.33 100 100
5.0 | 76.88 84.38  75.00 100 100

Table 1: Percentage improvement of the bound for symmetric unimodal distributions over the bound for
arbitrary distributions (relative to the normal), given k =2,4,6,8, and 10 moments.

a | A¥(a) Af(e) AF(a) AF(a)

0.2 0 0 0 0

0.4 0 41.20 0 29.92
0.6 0 44.61 0 33.94
0.8 0 50.86 0 43.80
1.0 0 62.41 0 33.02
1.2 0 58.94 0 0.46
1.4 0 29.34 13.72 0

1.6 0 2.76 44.16 0

1.8 | 0.0469 0 60.66 0.83
2.0 | 0.3089 0 57.08 0

2.2 | 0.5732 0 37.14 14.77
2.4 | 0.7156 0 10.99 38.27
2.6 | 78.62 0 0 23.08
2.8 | 84.05 43.90 0 4.35

3.0 | 85.04 54.29 6.25
3.2 | 86.67 60.71 36.36
3.4 | 87.83 65.22 50.00
3.6 | 89.35 72.22 60.00
3.8 | 90.20 73.33 75.00
4.0 | 91.37 75.00 66.67
4.2 | 92.06 80.00 50.00 100
4.4 | 93.04 75.00 100 NaN
4.6 | 93.33 85.71 100 NaN
4.8 | 94.79 80.00 100 NaN
5.0 | 94.38 80.00 100 NaN

[evlen el el el en)

Table 2: Percentage improvement in the bound for symmetric unimodal distributions relative to the
normal sdf due to higher moment information. (NaN stand for division by zero.)
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improvement from using higher order moments appears to be much stronger in the tails than around the
mean. Nevertheless, no monotonicity relationship can be observed.

The numerical experiments have been conducted in MATLAB5.3 under WindowsXP, using the [SOS
Toolbox [27]- an optimization package over semi-algebraic sets, based on the SeDuMi [39] solver for
semidefinite programming.

8. Conclusions. In this paper we showed how optimal moment bounds over convex classes of distri-
butions generated by one-parameter families can be efficiently computed using semidefinite programming.
Polar representations and conic duality provide a general and tractable framework for solving Problem (P)
for convex classes of distributions, satisfying special properties such as symmetry, unimodality, convexity
and smoothness. We also extended these results to obtain approximate SDP solutions for multi-parameter
classes and multivariate distributions. Finally, we applied these results to obtain generalizations of Cheby-
shev’s inequality given higher order moments via SDP. Numerical computation shows that accounting for
structural properties such as symmetry and unimodality can improve the quality of the moment bounds
by at least 75%.

Appendix A. Proof of Proposition 3.1. The first part of the proposition is a known result. We
provide a proof for completeness:

Clearly ¢x(7) C mix(7). To prove mix(7) C ¢x(7), let u = [7dv(r) € mix(7). The set of
measures with finite support is weakly dense in M™(7) (a separable metric space”), so there exists
v, — v such that v, has support on (at most) n points. Let p, = [ 7dv, (1) € cx(7). For any bounded
continuous h, [ hdr is bounded and continuous in 7 € 7 (in the inherited weak topology), implying
[ hdp, = [ ([ hdr)dv, — [([hdr)dv = [hdu, so p € €X(T). This concludes the proof of the first
part.

The second part of Proposition 3.1|is not new in the compact case. It follows from the following result
(Phelps [29, Proposition 1.2] ):

PROPOSITION A.1 Suppose that X is a compact subset of a locally convea® topological space. Then
X (X) = mix(X).

Since the space of probability measures can be appropriately metrized, weak compactness is sufficient.
By Prohorov’s Theorem (see Billingsley [5]), a sufficient condition for weak compactness is that 7 be
weakly closed and uniformly tight, i.e. for any e > 0 there exists a compact K, with 7(K.) > 1 — € for
every 7 € 7. Uniform tightness is satisfied if €2 is compact.

For non-compact intervals 2 C R, the following proof has been suggested by Edgar [I1]. Consider for
example 2 = [0, 00) (the other cases work similarly), which is not compact, but can be compactified in R

by adding the point {oo}. This yields € = [0, oo], which is homeomorphic to [0, 1]. The set of probability

measures on {2 can be identified with the following subset of probability measures on Q : M™T(Q) =

{n e MH(Q) | n({oc}) = 0}.
Let S denote the closure of 7 in M™*(Q). Since 7 is closed in M*(Q), it follows that

T ={p € S|u({oo}) =0}. By Proposition A.1] we have ex"(S) = mix(S), where the star refers to
closure in M ().

We want to show that €x(7) C mix(7), where the closure is in M*(Q). Let pg € ex(7). Then
po € ex*(8) and po({oc}) = 0. Let vy € MT(8S) be a mixing measure for pg. It remains to show that v
is concentrated on 7. For this we rely on the following result (Phelps [29, Chapter 12, p. 100] ):

ProrosITION A.2 If X is a compact convex subset of a locally convexr space and if v is a probability
measure on X with resultant x, then f(z) = [ fdv for each affine function f of first Baire class.

Affine functions of first Baire class are those affine functions that are the pointwise limit of a sequence
of continuous (not necessarily affine) functions on X. The map p — u({oc}) is affine and of first Baire

"It is possible to metrize the space of probability measures as a separable complete metric space such that convergence
in the metric is equivalent to weak convergence (see Parthasarathy [28, Theorem 6.2 Ch. II])
8 A space is locally convex if it admits a convex base. Any metric space is locally convex.
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class (although not continuous). To see this, use continuous increasing functions f, (z) that are zero for
x < n, and one for z > n+ 1. Then each [ f,du is continuous, and p({co}) is the limit of that sequence.

Therefore, by Proposition A.2, 0 = puo({oo}) = [5u({oco})dvo(p). This integral of a non-negative
function is zero, so the set {y € S| u({oc}) =0} = 7 has vg-measure 1. This shows that v is supported
on 7, so pp € mix(7), as claimed.

The above argument easily extends for closed sets 2 C R™, using the one-point compactification of
R™ (i.e. add one extra point co, with neighborhoods consisting of the complements of the compact sets
of R™). This result becomes relevant in [Section 6, when we deal with multivariate extensions.

Appendix B. Proofs of Lemmas 5.1 and /5.2.

Proor oOF [LEMMA 5.1.  We only prove part (a); the second part is analogous. Any measure in
S = CX(T;fjfa) admits a continuous piecewise linear decreasing and convex density. Conversely, any
continuous piecewise linear decreasing and convex density function on [m,m + a], can be written as
p(x) = sOJrZé:l si(bi—x)*, with s; > 0and m <b; <---< by <m-+a, where the left-slopes at breakpoints
by, equal — Zle s;. Denote t; = b; —m and w; = 5,12 /2, so p(x) = So-l-zli:l w;(2/t2)(m+t; —x)*. Since
p(x) is a density, the weights sum up to 1. Hence the measure with density p(z) is a convex combination
of triangulars and a rectangular (with weight sg), so it belongs in S. Hence S is the set of continuous
probability measures that admit piecewise linear decreasing and convex densities.

We now show that S C 733,:‘@ C S, hence ’P,i,f)a = S as desired. Let u € 7371,2‘@, 50 1= apg+ (1 — a)dpm,
where 1 is a continuous measure that admits an increasing convex density my. There exists an increas-
ing sequence of non-negative piecewise linear decreasing concave measurable functions m, converging
pointwise to my. By monotone convergence, [, m,(z)dx — [, mo(x)dx for any measurable set A. Let
f T (x) = Ci <1, s0 ¢, — 1 and ¢,m, is the density function of a measure in S. Therefore the sequence

of measures p, = ac, [, (z)dz + (1 — a)’y; , € S converges weakly to pg.

Finally, by Proposition 3.1, we have 7523:& = mix(75*, U {dn}), where the Dirac at m is added to
insure closure of the generating set. Without it, we obtain the corresponding set of continuous measures
Prra = mix(T%,). O

PRrROOF OF LEMMA 5.2.  We only prove the first part, the second part is analogous. The proof follows
the same lines as the previous lemma. Any measure in S = ¢x(7,3",) admits a continuous piecewise linear
decreasing and concave density. Any continuous piecewise linear decreasing and concave density function
v(z) > 0 on [m, m + a] can be written as v(z) = M — 22:0 wi(x —m —t;)*, where w; >0,0<t; <a
and M = v(m + a) is the maximal value of v. It follows that

l

1
v(z) = Zwi(a —ti—(x—m—1t;)") = Zwimin(a—ti,a—l—m—x) ,
i=0 1=0

2 2
which is a convex combination of right m-trapezoidal densities with weights p; = w; > ;ti > 0. Since v

is a density, the weights must sum to 1. This shows that S is exactly the set of distributions that admit
a piecewise linear decreasing and concave density. We now show that S € Pjy, € S. Closure of Par ,
implies the desired equality.

Let my be an increasing convex density for 4 € P .. Let m, be an increasing sequence of non-
negative piecewise linear increasing convex measurable functions converging pointwise to mg. By monotone
convergence, [, m(x)dx — [, mo(x)dx for any measurable set A. Let [ m,(z) = + < 1,50 ¢, — 1 and

n

Ty, is the density function of a measure in S. So ¢, [ 4 Tn(2)dr — / 4 To(x)dx for any measurable set
A, and the sequence of measures ji,, = ¢, [ 7, (x)dz € S converges weakly to p. O

Appendix C. Proof of Proposition 7.1. The result for arbitrary distributions is from Bertsimas
and Popescu [4]. In order to simplify notation, in the following we assume that the mean M; = 0, and
hence all odd order moments are also null.
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Symmetric random variables. According to the formulation (9) in [Section 4.1, the dual of this
problem can be written as:
min y' M
Yy
- 2y 42 (19)
s.t. Zyi((—t) +t*) > 1y o)+ Lisa), VE>0.
i=0
We must distinguish two cases:

CASE 1: a < 0. By the change of variables > = z, we can rewrite the dual as follows:

min Yy’ M
y . ,
s.t. Zyizl > 5 for z>0
i=0
n
Zyizl >1 , for z<d?
i=0

The corresponding SDP formulation is a simple application of Proposition 2 (see the explicit formulation
in Bertsimas and Popescu [4]). Suppose now that n = 1, and 02 = My. The optimal Chebyshev bound
for symmetric distributions is the solution of the following program:

min - yo + y10°

for z>0
for z < a?,

st. Yo+ wmz

The constraints imply that yo > 1 and y; > 0. It follows that the optimal bound is 1.

CASE 2: a > 0. By the same change of variables t?> = z, the dual can be written as:

min  y'M
Y
n
s.t. Zyizl >0 , for z>0
i=0

for z > a?.

)

N | =

n
Zyz/ >
i=0

The corresponding SDP formulation is a simple application of Proposition 2 as explicitly stated in Ber-
tsimas and Popescu [4]. Suppose now that n = 1, and 0> = M. The optimal Chebyshev bound for
symmetric distributions is the solution of the following program:

min  yo + y10°
y

s.t. Yo + Y1

The first constraint set is equivalent to g, y; > 0. In this case, the second constraint set is equivalent to
Yo + yra® > % So the problem can be reformulated as

1 e 2 2
1 - , ifo*>a 1 2
min - +y1(0? —a?) = 202 = —min (1, U2> .
yi<ga? 2 — if 02 < a? 2 “
202

This concludes the proof of this part.

Unimodal and symmetric random variables. According to formulation (12) in [Section 4.4 the
problem can be written as:

min y' M
Yy
"2y t (20)
. E 7zt1+1>/1zad V> 0.
> 2111 =), wzo% =

=0
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We consider two separate cases:

CASE 1: a <0 . The equivalent dual formulation is

min y' M
Yy
N2y a0 2t VO<t<-—a (21)
t. X3 > b — —_
st ;2i+1t “\t—a , Vt>-a.

The degree of the first constraint set can be reduced after simplification by 2¢ and the change of variable

z=1% to
n

Yi i

1 <z<a?.
i:02i+127 , V0<z<a

The corresponding SDP formulation is a direct consequence of Proposition 2 (see Bertsimas and Popescu
[4] for the explicit formulation).

For n =1, and 02 = Mo, the desired bound is the solution to the following program:

min o + yi10°

s.t. y0+y—?)1221 , Y0<z<a? (22)
y13 t—a
t+ —t° > —— t> —
Yo +3 = 2 5 = a

The second constraint implies that y; > 0, whereas the first implies ¢y > 1. The optimum is achieved
when equality holds in both, and the bound equals 1.

CASE 2: a > 0 . The equivalent dual formulation is:

min y' M
Y
n 2yz 2i+1 0 Yt>0 (23)
A 1 > b) -
S g1t 2 e L W20
We degree of the first constraint can be reduced after dividing by 2¢, and by the change of variable z = ¢2,
obtaining: z,y_:_ 1zi >0, V z>0. The corresponding SDP formulation is a direct consequence of
i

i=0
Proposition 2.

In particular, for n =1 and 02 = My, we have the following program:
min y10° + Yo
Y1
s.t. §z+y020 , Vz2>0 (24)

Y1 3 1 a
=t ——)t+=2> Vit>
3 +(y0 2) +270 , >0

The first condition set implies yo > 0. The second condition implies y; > 0, in which case the first

constraint set is always satisfied. For y; = 0, or yy > %, the bound cannot exceed %, obtained for
1

Yo=173, y1 =0

Suppose now that y; > 0 and 0 < yo < 3. Denote h(t) = L¢3+ (yo — )t + %. Notice that the inflexion

point is at 0 and h(0) = a/2 > 0, whereas h(a) > 0. The local optima are t+ = £+/(1/2 — yo)/y1.
Therefore, we can have h(t) > 0 for all ¢ > a if and only if h(t+) > 0, or else ¢4 < a. The latter case leads

to a contradiction. The condition hA(t4) > 0 is equivalent to y; > %(175% The minimum is achieved
2 2
for yo =0 or yg = %, and the value of the bound is min <2, 902) This concludes the proof. O
a
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