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Abstract

There is an error in my 2004 paper “Wealth, Information Acquisition and Portfolio Choice”.
This note shows how to correct it by adjusting the hypotheses of the model. Specifically, it
assumes that agents learn about the stock’s mean payoff rather than about its realization.
All the conclusions of the paper remain valid.

There is a mistake in the derivation of agents’ unconditional expected utility in “Wealth, Information
Acquisition and Portfolio Choice” (Review of Financial Studies, 17(3) (2004), pages 879-914). Some
formulas need to be corrected and some assumptions adjusted, but all the conclusions of the paper
remain valid. In particular, it remains the case that wealthier investors collect more information and
that, as a result, they hold a larger fraction of their wealth in stocks even though their relative risk
aversion is not lower.

The unconditional expected utility is approximated using a Taylor series expansion, in which higher
order terms are dropped. In fact, these terms cannot be neglected under the payoft structure postulated
in the paper. As a result, the demand for information cannot be evaluated for arbitrary preferences.
In this note, we offer a solution to the issue, which relies on a slight modification of the stock’s payoff

structure and supports all the conclusions of the paper.
1 The problem

The expression for the conditional expected utility E;(U(Ws;) | F;) stated on page 906 is correct.
However, equation 12 obtained by taking its unconditional expectation is not. To see why, we rewrite

Ej(UWo;) | Fj) as:
B(U(Way) | F5) = U(Wey) + U (W) Ej(AW | 55) + 5U" (Wep) 5 (AW? | F5) +0(z), (1)

1



where AW = Wh; — Wy, is defined at the top of page 906 as:
AW = ng - W()j = TfWQjZ + pWojaojz + OszOj(H;PP — sz) — C’(a:j)z + O(Z).

In both formulas, o(z) denotes terms of an order of magnitude smaller than z (similarly o(1) used below
captures terms of an order of magnitude smaller than 1). This notation allows to keep track of the

quality of the approximation . The first two conditional moments of AW are given by:

E;(AW | F;) = T’fW()jZ + pWojnjz + T(W()j))\? — C(zj)z + o(2),

and E;(AW? | F;) = Varj(AW | F) + [E;(AW | F;))?
= Varj(AW | Fj) + o(z) = 7(Wo;)?AZ + o(2)

] V%)

is investor j’s Sharpe ratio defined at the bottom of page 906. Note that \; is of the order /z. Taking

the expectation of equation 1 yields:
1
Ej(U(Wa;)) = U(Woj;) + U'(Woj ) E;(AW) + §U"(W0j)Ej(AW2) + Ej(o(2)). (3)

This expression is not identical to equation 12 because the terms E;(AW?!) for [ > 2 cannot be neglected
in the Taylor series expansion, that is E;(o(z)) is not o(z). In fact, each term in the expansion is of

order zero. For example, E;(AW) is of order zero though E;(AW | F;) is of order z :

Ej(AW) = 1! Wo;z + Ej(p)Wojo;z + 7(Wos) Ej(AF) — Cla5)z + Ej(o(2)).

Though A; is of the order /z so )\? is of the order z, Ej()\?) is of order zero. To see why, note that
the numerator of Ej()\?) contains E;((Ej(rz | F;))?), which in turn contains E;((72)?) (recall from
page 905 that Fj(rz | Fj) = aojz + agi§z + as;Sj = aojz + agj(rmz — pbz) + as; (72 + ¢5) ). Moreover,
E;((r2)?) = Varj(rz) + (Ej(72))? = 02z + o(2) is of order 2. Hence, both the numerator of Ej()\?)
and its denominator Vj(mz | F;) are of order z. As a result, Ej()\?) is of order zero, not z. Computing

Ej()\?) explicitly leads to:

Ej(A3)

Varj(\j) + (E;j(\j))* = Varj(\j) + o(1) because (E;(\;))? is of order z,
hon? + 2in + o3
(nh)?

= [ho(i) + 2;]® + 0o(1) where ® =



Similarly, Fj(AW?') is of order zero (though E;(AW! | F;) is of order z and smaller). It follows that
E;(U(Wha;)) equals a sum of an infinite number of terms, none of which can be neglected: E;(U(Wa;)) =
S0 U (Wo,) E;(AW?Y) where U(® denotes the I'th derivative of U and I! = [#(1—1)#(1—2)...x3%2x1.
This infinite series cannot be evaluated under general utility.

We point out that Appendix E which proves the convergence of the approximation and appendix F
which checks its quality are correct since they deal with the demand for stocks conditional on agents’

signals, for any arbitrary precision of information.
2 A resolution

We offer a solution to the problem outlined above. In the paper, investors learn about the stock’s
realized payoff. Here, we assume that the stock’s unconditional mean is random and that investors
learn about this mean rather than the payoff’s realization. Specifically, we assume that InIl = 7z is
normally distributed with mean bz and variance 02z, where b is normally distributed with mean 0 and

variance U%. Agents’ signals S; are about b rather than about 7:
S = b+e s (4)

where {¢;} is independent of II, 0, b and across agents and is normally distributed with mean zero and
precision x;. Because the signal is about the unconditional mean of 7 = Inll/%, its variance is not
scaled by z. The signal costs C(x;)z. The residual supply of shares, #, is normally distributed with
mean () and variance o (not o3/z as assumed in the paper). We do not impose any constraint on
preferences, beyond the requirement that absolute risk aversion decreases with wealth.

To account for the new payoff and signal structure, we need to define some aggregate variables. The
aggregate risk tolerance, n, is unchanged. But the informativeness of the price, ¢, implied by aggregating
individual precisions across agents needs to be normalized by agents’ total precision, h(i,z) = ho(i) + x,

obtained by adding the precisions of the private signal, the stock price and the prior:

1 T 1 g2
1= ; AWT(WOJ‘)C[G<WOJ',(XOJ') where h()(l) = O'_l% + 0_—3 (5)
We also need to define a new aggregate variable, k, as:
1
k= | —————7(Wuy))dG(Woy;, ap;). 6
/jho(i) +1L’jT( 0j)dG(Woj, aj) (6)



2.1 Stock price and portfolio composition
The equilibrium stock price resembles closely that of Theorem 1, except that 7, p, and o2 are replaced
with b, p, and o7 and that 1/h is replaced with k/n.

Theorem 1 (price and demand for stocks)

Assume the scaling factor z is small. Assume the information decision has been made (i.e. i, k and
xj are giwen). There exists a log-linear rational expectations equilibrium.

o The equilibrium price is given by

InP = pz where P+ rf = po(i) + pp(2)(b — pb), (7)
. I C N - n
hO(Z)EU_g+U_g h(l,$):h0(@)+l‘ h:E,
_Lrep i@ 1 o _q_ L _1
pO—E< G% + Ug >+20 pb—(l EO’I%) and m = i (8)

The optimal portfolio share of stocks for an investor j with a signal of precision x; (possibly equal to 0)

18 given by

(W) Ej(nz | Fj) — (p+17)2 4 5Vj(nz | F)

aj = + o(1
Wy Vi(rz | F5) W ©
(W) 1 E®b) iB(0) 2 1, P
Wi o2h(i, ;) ( oy i oj - oj (b= 1) 38 +(20 p (i zj) | +ol)

The proof of Theorem 1 is similar to that in the paper. We conjecture that the equilibrium price is
given by equations 7 to 8, solve for optimal portfolios, determine the price that clears the stock market
and confirm that the conjecture is valid. For the price function given in equation 7, the conditional
mean and variance of InIl conditional on the equilibrium price (or equivalently £ = b — pf) and the

private signal S; = b+ ¢; are given by:
VilnIl | Fj) =Vj(mz | Fj) = Ej(Vj(rz | b, F;) | Fj) + Vi(Ej(7z | b, Fj) | F5)
= Ej(Vi(rz | b) | F5) + Vi(Ej(mz | b) | Fj)
= Ej(o%2| Fj) + Vi(bz | )

= 0%z 4 Vj(Ej(ag;z + ag€z + as, S5z | b) | Fj) = 0”2 + o(2),

and E;(Inll | Fj) = Ej(nz | Fj) = Ej(bz | Fj) = agjz + ag;€z + as;Sjz + o(2),



B(b) , iB(0) i2

2 £ty 05’

where a()jhjE—2
T% T

and aghj=x
We note that the variance of returns is constant at the order z since V;(bz | F;) = 2%2/hj = o(z) is of

order 2.
We turn to the determination of the optimal portfolio share. The approximate Euler equation at

the top of page 906 holds:

U (Woy) E[M5E = vz | Fj] + U" (Woy)ayWos Ej (U5 = 172)* | Fjl + o(2) = 0,
with B[I5E — /2 | | = Byj(rz | F5) + $Vy(nz | F3) — pz — vl + ofz) = Bj(bz | 5) + ho* — pz -
rl 2+ o(z) and Ej[(XE5E —r/2)? | Fj] = V(w2 | Fj) = 022 + o(z). Solving for the optimal share yields:

(W) Ej(bz | Fj) + 102z —pz—riz
- W()j 0'22

roft) = SR 6] )+ 507 —p =)o), (10

aj

which leads to equation 9 above. Aggregating this equation over all investors yields the aggregate
demand for the stock:

WojOéj 1 E(b) zE(G) i2 /7'(”0]‘) 2. f 1 2
RAAYY ke B Y (e S Z_(h— 7057 _ _Z 1
/j = [( p + p + Ug(b u0) A +o%ib—(p+r 50 n| + o(1),

where the term 77 comes from applying the law of large numbers to the sequence {7;z;¢;/h;}. Equating

aggregate demand to aggregate supply 6 yields the equilibrium price given by equations 7-8.
2.2 Demand for information

We determine the optimal precision chosen by an agent.

Theorem 2 (demand for information)

Assume the scaling factor z is small.

o There exists a wealth threshold W (i) such that only agents with initial wealth above W (i) acquire
information.

e Their optimal precision level, x; = x(Wy;), is characterized by the first order condition

C'(w5) = r(Wo))¢ (21, (1)

where ¢ measures the expected square Sharpe ratio on an investor’s portfolio, an increasing and
concave function of the precision of her private signal ;.



The function ¢(z;;4,k,n)z = Ej(/\?) measures the square Sharpe ratio which an investor expects in

the planning period given that she will receive some information in the trading period. Specifically,

Ej(rz | Fj) + iVi(nz | Fj) —pz — 1Tz

A = 12
] V1) "
Bz | Fy) + 3Vi(bz | Fy) —pz—riz
Vj(bz | F5)
1 1
S GRS e
o 2
A;j is of the order \/z. Integrating over the distributions of S; and P yields:
0% » E(9) k

Ej(X}) = p(xj;i,k,n)z = — q

(13)

_ 1 2 2
WZ+BZ WheI‘GB:; |:Z,—2pb+0'b(1—pb) + 2,2 (1—]105
In contrast to specification of the paper discussed in the previous section, Ej()\?) is of order z, not zero.
This is because E;((E;(mz | F;))?) = Ej((Ej(bz | F;))?) contains terms of the type E;((bz)?) which are
of order 22, rather than terms of the type E;((7z)?), of order z. The value of information and its cost

are both of order z. Equation 12 in the paper remains valid because the terms Ej(AWl) for [ > 2 can

be neglected in the Taylor series expansion, that is E;(o(z)) = o(z):
1 .
Ej(U(Way)) = U(Woj) + U'(Woy)z | 57(Way)p (s i) + !/ Woj + Ej () Wojn; — Cay) | +0(2).

For an informed investor, ¢(x;;¢) is an increasing function of x. Moreover, in contrast to the
specification in the paper, it is concave in x;. This simplifies the proof of the existence and unicity of an

=, is decreasing in x so the second order condition

interior optimum. Its derivative, ¢'(x;;7) = m
J

is trivially satisfied. This leads to the first-order condition for the precision (B does not depend on x;;

¢’ and therefore z; depends on ¢ not k):

Woj) ‘
C'(z;) = (W, = ' (x;1).
( ]) 20_2 (hO(Z) + :L_j)Q ( J )
W .
This equation admits a unique solution if and only if C’(0) < #[)(2))2 = ¢/(0;1) because its left hand
0

side is monotonically increasing in x; starting from C’(0), while its right hand side is monotonically
decreasing towards zero. This implies that agents acquire information if and only if their initial wealth

is above W (i) = 771 (202ho(i)?C’(0)) .



The existence and unicity of the equilibrium (within the class of log-linear equilibria) can be estab-
lished for any parameter value (even when o2 > 2 or 012) > 2 unlike in the paper) as stated in Theorem

3 below.

Theorem 3 (equilibrium level of information and unicity)

Assume the scaling factor z is small.

e In equilibrium, price informativeness ¢ solves

" x(Woj; 1)
) — - ) _ W . dG W . Y 14
1 /Wg(i) ho(7) + x(Woj; z)T( 0j)dG(Woj;, a;) (14)

o There exist a unique log-linear equilibrium.

We proceed as in the paper to show that the aggregate variable i is uniquely defined. Let ¥(7) =

W{) E(W()j;i)

1 — Wg(z) WT(WOJ)CZG(WOJ) Differentiating b)) yields:

() = 1+

e(Wg ) T(Wg)g(Wg) dWg /WO d < 2(Woj; 1)
ho(l) + J:(Wé“, Z) di wr di ho(Z) + (L’(Woj; 7,)

0

) 7(Wo;)dG(Wo,)

= 1- / d <h (x(WOJ’ i) > 7(Wo;)dG(Wy;) because z(Wy) =0 (C' is continuous at 0)
0

wp di i) 4 x(Woj; 1)
4o
Differentiating the first order condition for the precision yields % = %’—%,(w) < 0 and therefore
% <hoﬁz> = (hoix)z <% - %) < 0. Hence, X'(7) is positive, ¥ is monotonic and ¢ (and p) is uniquely

defined (X(0) < 0 because x(Wp;;0) > 0 and ¥(c0) > 0 because x(Wy;;0) = 0). k is uniquely and

explicitly defined by equation 5 (x; depends on i not k).
2.3 Wealth and portfolio shares

We turn to the share of wealth invested in equity. The paper focuses on the unconditional average
portfolio share, E(«a;). However, a better measure of equity holding is the unconditional average absolute
portfolio share, E(|a;|). Indeed, there are no short sales constraints in the model, so agents go long the
stock at times, and short at others. As a result, £(«a;) does not capture their real equity exposure. For
example, an agent who is long one share 50% of the time and short one share 50% of the time, has an
E(c) of zero though she is actually permanently invested in the stock market. As a matter of fact, this

agent would qualify empirically as an equity holder. E(|c;|) does not suffer from this limitation, so we



use it to quantify portfolio holdings. Combining equations 10 and 12 leads to a;; = T(WLO?)U\l/Z Aj +o(1)

which is approximately normally distributed so (e.g. He and Wang (1995)):

E(log]) = +/2Varj(oy)/m+0(1) = \/2 <T(WL(Ej)> Varj(\;)/(mo?z) + o(1)

_ ﬁﬁf2¢%mm+qn—%%§ 2(s31) 7+ ofL).

This expression shows that E(|c;|) increases with x;, which in turn increases with Wy; so E(|oyl)
increases with Wy;: wealthier investors invest a larger fraction of their wealth in stocks (through long
or short positions). This conclusion only requires absolute risk aversion to decrease with wealth, and

holds for example under CRRA utility.
2.4 Portfolio returns and Sharpe ratios

As in the paper, we denote r?z the net return on investor j’s portfolio (before accounting for the

information cost) and r? ‘2= rf z—rf 2 be the associated excess return. Using equation 9 and integrating

over all the random variables yields the same expressions as in the paper (equations 11),

e (Woj e (W) \ 2
B(r2) = T8 (o), Vo) = (Z0)” o)
E(rf°z)

= -
and —;V(rﬁ.mz) o(xj)z

These equations imply that wealthier agents, because they acquire more information, achieve a higher
expected return, a higher variance and a higher Sharpe ratio on their portfolio. As a consequence, their
average terminal wealth and certainty equivalent are greater. In that sense, the stock market magnifies
inequalities.

Moreover, as suggested in the paper, these equations imply that one can empirically distinguish
between the ‘information view’ of portfolio choice and the ‘decreasing relative risk aversion view’ (which
both imply that wealthier households invest a larger fraction of their wealth in equity, and achieve a
higher expected return and variance on their portfolio) by analyzing how portfolios’ Sharpe ratios vary
with wealth. They increase with wealth according to the ‘information view’ (as long as absolute risk
aversion is decreasing), but are independent of wealth according to the ‘decreasing relative risk aversion

view’.
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